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Abstract 

In the first part of the paper we prove an existence theorem for gauge 
invariant L 2 -normal neighborhoods of the reduction loci in the space 
Aa(E) of oriented connections on a fixed Hermitian 2-bundle E. We use 
this to obtain results on the topology of the moduli space B a {E) of (non- 
necessarily irreducible) oriented connections, and to study the Donaldson 
/x-classes globally around the reduction loci. In this part of the article we 
use essentially the concept of harmonic section in a sphere bundle with 
respect to an Euclidean connection. 

Second, we concentrate on moduli spaces of instantons on definite 4- 
manifolds with arbitrary first Betti number. We prove strong generic 
regularity results which imply (for bundles with "odd" first Chern class) 
the existence of a connected, dense open set of "good" metrics for which all 
the reductions in the Uhlenbeck compactification of the moduli space are 
simultaneously regular. These results can be used to define new Donaldson 
type invariants for definite 4-manifolds. The idea behind this construction 
is to notice that, for a good metric g, the geometry of the instanton 
moduli spaces around the reduction loci is always the same, independently 
of the choice of g. The connectedness of the space of good metrics is 
important, in order to prove that no wall-crossing phenomena (jumps of 
invariants) occur. Moreover, we notice that, for low instanton numbers, 
the corresponding moduli spaces are a priori compact and contain no 
reductions at all so, in these cases, the existence of well-defined Donaldson 
type invariants is obvious. Note that, on the other hand, there seems to be 
no way to introduce well defined numerical Seiberg-Witten invariants for 
definite 4-manifolds: the construction proposed in |OT2| gives a Z- valued 
function defined on a countable set of chambers. 

The natural question is to decide whether these new Donaldson type 
invariants yield essentially new differential topological information on the 
base manifold have, or have a purely topological nature. 
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Introduction 

The main goal of this article is to study moduli spaces of instantons over 4- 
manifolds with negative definite intersection form. The vanishing of b + has 
an important consequence on the geometry of the instanton moduli spaces: 
all line bundles admit ASD connections (with respect to any metric) hence, 
as soon as rank 2-bundle E splits topologically, the corresponding instanton 
moduli space will always contain reductions. In other words, "one cannot get 
rid of reductions by perturbing the metric" . On the other hand, our main 
applications will concern 4-manifolds with b\ > 0, and for such manifolds the 
spaces of reductions are positive dimensional. Therefore, it is very important to 
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study carefully the global geometry of the moduli space of connections around 
the loci of reductions. This will be our first goal. 

To be more precise, let E be rank 2-Hermitian bundle on a 4-manifold M, 
and denote D := det(E), d = ci(D). Consider the affine space A a (E) of 
connections A on E which induce a fixed connection o on D, and the moduli 
space B a (E) = A a {E)/Q E , where Q E is the gauge group T(SU(E)). 

Let I £ H 2 (X,Z) such that l(d — I) = 02(E) and consider the set A = 
{l,d— 1} (which has either one or two elements). We denote by A X (E) the 
subspace of connections A e A a {E), which are simply reducible of type A, i.e. 
which admit only two parallel line subbundles whose Chcrn classes are I, d — I. 
Such a connection will be called A- reducible. A X (E) becomes a (locally closed) 
submanifold of the affine space A a (E) (after suitable Sobolev completions). Our 
first problem is the construction of a gauge invariant i 2 -normal neighborhood 
of this submanifold. More precisely, we will show that, denoting by N x the L 2 - 
normal bundle of A X (E), the restriction of the natural map v : N x — > A a (E) 
to a sufficiently small gauge invariant neighborhood U x of the zero section is a 
diffeomorphism on its image. Moreover, the neighborhood U x is defined by a 
inequality of the form ||a||z,°° < e(A) (on the fibre Na), where the assignment 
A 1 ► s(A) is gauge invariant and continuous (with respect to a sufficiently fine 
Sobolev topology on the space of connections). 

Although this statement is very natural, the proof is not easy. The difficulty 
comes from the fact that infinite dimensional manifolds are not locally compact. 
Even the fact the v is injective on a neighborhood of the zero section is not 
trivial. The main difficulty is to characterize in a convenient way the connections 
which are "close" to the reducible locus A X (E), i.e. which are "almost" A- 
reducible. 

Our argument is based on the following idea: A reduction A € A x (E) admits 
a parallel section in the sphere bundle S(su(E)). A connection which is close 
to being reducible should admit an energy minimizing harmonic section in this 
sphere bundle. The precise meanings of the words "energy" and "harmonic" are 
the following: we associate to any connection A e A a (E) the energy functional 

E A {u) := ||dA(u)||£ a , E A : T(S(su(E))) — K> . 

and we agree to call the critical points of this functional A-harmonic sections. 
After proving these results about normal neighborhoods of reduction loci, we 
realized that our problem can be naturally generalized in the following way: 
For an Euclidean bundle F on an arbitrary compact Ricmannian manifold, 
construct a gauge equivariant L 2 -normal neighborhood of the space of Euclidean 
connections d A '■ A°(F) — > A 1 (F) with 1-dimcnsional kernel. Therefore, in the 
first section we will treat this more general problem, which is of independent 
interest; the results concerning reducible Hermitian connections will be easily 
deduced as applications, taking F = su(E). 

The second section deals with the first consequences of our existence results 
for gauge invariant i 2 -normal neighborhoods: a global description of the uni- 
versal 5*0(3) bundle, explicit formulae for the Donaldson /x-classes around the 
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reduction loci and an explicit description of the homotopy type of the whole 
moduli space B a (E). This space is much more complex than its open subspace 
B*(E), which plays a central role in classical gauge theory and whose rational 
homotopy type has been described in |DK] . Our description of B a {E) yields an 
easy method to compute the cohomology of this space using the Mayer- Vietoris 
exact sequence. 

The third section is dedicated to the geometry of the instanton moduli space 
around a reduction locus. Using our existence results for normal neighborhoods, 
we show that in a neighborhood of the reduction locus associated with a fixed 
topological splitting of the bundle, the instanton moduli problem reduces to an 
abelian moduli problem, which is very much similar to the Seiberg-Witten one. 
These abelian equations read 

E + - i F+ 

which are equations for a pair (b, a) , where b is a connection on fixed Hermitian 
line bundle L and a £ A 1 ^® 2 ® D y ). This result provides simple descriptions 
of the linear spaces of harmonic spaces of the deformations elliptic complexes 
at the reductions. It is very important to have a global description of this linear 
space. Similar results are stated for the loci of twisted reductions (i.e. instantons 
which are locally reducible, but globally irreducible). 

Our most important technical results are obtained in the last subsection of 
section 3: we prove strong generic regularity theorems at the reductions. Reg- 
ularity at the reductions is an old, classical problem in gauge theory (see |FUj . 
|DK| ) and one might wonder whether there are still unsolved questions on this 
problem. The point is that Freed-Uhlenbeck's generic regularity result is not 
sufficient for our purposes. For our purposes, we need a connected, dense open 
set of good metrics (metrics for which all reductions in the Uhlenbeck compact- 
ification are regular). Our proof has two steps: 

1. Define a connected, dense open connected open of admissible C-metrics, 
for which the vanishing loci of the harmonic representatives of the classes 

21- d , l-(d-l) < c 2 (E) 

have good geometric properties (see section 15.21 in the Appendix). Our ad- 
missibility condition is very natural: we require that the rank of the intrinsic 
derivative of these harmonic representatives at any vanishing point is at least 2. 
The difficulty is to check that this condition defines indeed a connected, dense 
set of metrics. 

In particular, for our admissible metrics, the vanishing loci of all these har- 
monic representatives have Hausdorff dimension at most 2. Note that this holds 
for any C°°-metric by a result of Bar [Bj, but this result does not appear to gen- 
eralize for C r -metrics. For a metric for which this Hausdorff dimension bound 
holds, the statement in Lemma 4.16 |FUj holds, making possible the second 
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step. This stronger version of Lemma 4.16 |FU] is proved in detail in the Ap- 
pendix (Corollarv l5.10p . 

2. Regard the linear space formed by the second harmonic spaces at the re- 
ductions as the moduli space associated with an abelian moduli problem, and 
prove a transversality theorem for this moduli problem with respect to varia- 
tions of g (in the space of admissible metrics). In other words, we will prove 
that the parameterized moduli space (obtained by letting the metric vary in the 
set of admissible metrics) is smooth away of the zero-section. Next we show 
that - for a bundle E with odd Chern class - the projection map from the 
C*-quotient of this parameterized moduli space (minus the zero-section) on the 
space of admissible metrics is Fredholm of negative index < — 2, hence its image 
has connected complement. 

Section 4 deals with applications of our results. First we prove a simple 
geometric property of a particular instanton moduli spaces on a 4-manifold 
which has the homology type of a class VII surface with 62 = 2: the two circles 
of reductions belong always (for any metric!) to the same connected component. 
We continue with the construction of the new class of Donaldson invariants. 

1 Harmonic sections, parallel sections 
1.1 Harmonic sections in sphere bundles 

Let (M, g) be a compact oriented Riemannian n-manifold and let F be a real 
rank r vector bundle on M endowed with an inner product, and denote by 
S(F) the unit sphere bundle of F, Let A be an Euclidean connection on F. 
The energy functional on the space of of sections T(S(F)) is defined by 

E A (u) = \\d A (u)\\ 2 L 2 = (d A u,d A u) 2 . 

The critical points of this functional will be called A-harmonic sections. 

Proposition 1.1 A section u £ T(S(F)) is harmonic if and only if it satisfies 
the Euler- Lagrange equation 

d* A d A u — \d A u\ 2 u = . 
Proof: The section u E T(S(F)) is a critical point of E A if and only if 

(d* A d A u,v) L 2 = 

for every v £ T U (T(S(F))). This happens if and only if there exists a real 
function (p such that d* A d A u = cpu. On the other hand, the well-known identity 

^A|u| 2 = (d* A d A u,u) - \d A u\ 2 
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shows that one must have ip = \cIau 



For a fixed connection A the theory of A-harmonic sections is very much 
similar to the theory of sphere valued harmonic maps. In particular, one has 
a parabolic evolution equation given by the gradient flow of the functional Ea , 
and using this equation and its long-time convergence properties, one can study 
the existence of a A-harmonic representative in a given homotopy class of sec- 
tions. 

Two vectors a, b of an Euclidean vector space V define an endomorphism 
a Ay b G so(V) given by a Ay b(h) = (a, h)b — (6, h)a. The subspace 

{a Ay b\ b G V} C so{V) 

coincides with the orthogonal complement so(a J -)- L of so(a- L ) in so(V), and the 
map a 1 - 3 b i— > a Ay b G so(a- L )- L is an isomorphism. Similarly, for a section 
u G A°(F) and a form v G A 1 (F) we obtain a form u Af v G A 1 (so(F)) . 

Remark 1.2 Let A e ^4(-F), u € r(S'(F)) and 4 :=i-nA f d A u. Then 

1. The section u is Ag-parallel. 

2. Aq is the unique connection making u parallel with A — Aq e A 1 (so(u J -)- L ). 
Proof: 1. One has 

oIa u = oIau — (u Af <Iau){u) = oIau — (it, u)oIau + (u, oIau)u = , 
because, since (it, u) = 1, one has (u, oIau) = 0. 

2. If A — Aq e A 1 (so(u J -)- L ), there exists a unique form t> G ^4 1 (?i J -) such 
that ^4 — A = u Af v. The relation d^oit = is equivalent to oIau — v . ■ 

Proposition 1.3 Let u G T(S(F)) and A G A(F). The following conditions 
are equivalent 

1. The section u is A-harmonic. 

2. Putting Aq := A — u Af dAU, one has d* A (A — Aq) = 0. 

Proof: We write locally dAU = Vf.ue" 1 with respect to a local orthonormal 
frame (e^). Therefore, taking into account that u is Aq parallel and (u, V^5.u) = 
0, one has 

d* Ao (A— Aq) = (dA )* (uApdAu) = uAp(dA )*dAU = uAF{dA—uApdAu)* dAU = 

= u Af [d* A dAU + *(uAf dAu) * dAu] = uAf [d* A dAU + *(uAf Vf ue l ) * Vfue 3 ] 

= tiA f [d* A d A u- (Vfu,Vfu)u* (e* A*e ] )} =«A f [d* A d A u - \d A u\ 2 u] . 

Since d* A dAU — \dAu\ 2 u G A°(u J -), the vanishing of u Af [d* A d A u — \dAu\ 2 u] is 
equivalent to the vanishing of d* A dAU — \dAu\ 2 u. ■ 

The statement of the proposition above can be formulated as follows 
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Corollary 1.4 If the connection A admits a harmonic section u G T(S(F)), 
then it is in Coulomb gauge with respect to a connection Aq for which u is a 
parallel section. 

1.2 A normal neighborhood of the locus of Euclidean con- 
nections with 1-dimensional kernel 

We define the locally closed subspace 

A'(F) := {A e A(F)\ dim(kcr(d A )) = 1} C A(F) . 

Let S(F) be the space of trivial rang 1 subbundlcs of F. This space can be 
naturally identified with T(S(F))/{±1}, and becomes a smooth manifold after 
suitable Sobolev completions. Two rang 1 subbundles which are sufficiently C°- 
close have isomorphic complements, so they are conjugate modulo the action of 
the gauge group Aut(F) = T(SO(F)). In other words, the action of Aut(F) on 
S(F) is locally transitive. One has an obvious surjective map 

w : A'(F) - S(F) , A i ► (ker(d A )) , 

where (ker(d J 4)) = im(ev : ker(GU) x M — > E) stands for the subbundle gener- 
ated by the line ker(cU). We will use the subscript (•)& (for k € N sufficiently 
large) to denote Sobolev completion with respect to the L^-norm. 

Proposition 1.5 The subset A'(F)k C A(F)k is a submanifold, and the sur- 
jection w : A'(F)k — ► S(F)/-+i is a submersion. 

Proof: We omit Sobolev indices to save on notations. Let A E A'(F) and 
A = (ker(rfA)) € S(F). The fibre w^ 1 (X) is obviously an affinc subspace of 
A(F) which can be identified with Aiv,- 1 ). The stabilizer H of A is a closed Lie 
subgroup H of the gauge group Aut(_F) whose Lie algebra f) can be identified 
with A a (so(u ± )), so it has a topological complement f)- 1 = J 4°(so(u J -)- L ). The 
restriction of the map I) 1 - x w^ 1 (X) — ► A(F) given by (h, B) exp(h)(B) to a 
sufficiently small open neighborhood of (0, A) is an embedding which parame- 
terizes a neighborhood of A in A'{F). This gives the submanifold structure of 
A'(F). Using the local transitivity of the gauge action on S(F), it follows that 
h i ► exp(h)(A) defines a local slice of w at A, proving that w is a submersion 
at A. ■ 

The main goal of this section is to prove that 

Theorem 1.6 The submanifold A'{F) C A(F) has a tubular, gauge invariant, 
L 2 -normal neighborhood. 

The idea is very simple and natural: construct a neighborhood of A'(F) con- 
sisting of connections which admit an (up to sign) unique harmonic, energy 
minimizing section. 
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Let Aq e A'(F), and let u one of the two generators in T(S(F)) of the line 
ker(cUo)- The splitting F = (u) © u 1 - defines an ^4 -P ara llcl splitting 

so(F) = so(u ± ) soiu- 1 -) 1 - = so^) ffiiiAfii 1 , 

which gives an L 2 -orthogonal decomposition 

A 1 (80(F)) = A 1 (so(u ± )) 8 (d Ao ) [A (so^^)}® 

eker[(d Ao )* : ^((so^)^) -> ^(so^)^)] . 

The geometric interpretations of the three factors in the decomposition above 
are the following: the space A 1 (so(u ± )) is the tangent space of the fibre w -1 ((it)) 
at A, ha '■— (d J 4 )[A°(so(u- L )- L )] is the normal space at A of this fibre in the 
submanifold A'(F), whereas the space 

N Ao := ker [(d Ao T : A 1 (( S0 ( U ± ) ± ) -> A°( SO ( U ± ) ± )] 

is the normal space at A of the submanifold .A' (F) in the space of connections 
A(F). 

Let N — > -4.'(F) be the normal vector bundle of the submanifold A'(F), 
whose fibre A £ A'(F) is just the space Na„ defined above. One has a natural 
map v : N — ► A(F) given by 

u(A , a) = A Q + a , VA G A'(F) , a e N A „ , 

which is obviously a local isomorphism at every point of the form (A , 0). The 
map v is equivariant with respect to the natural gauge actions on N and A(F). 
For C G A°(so(F)) = Lie(Aut(F)) we denote by C # the tangent field (the in- 
finitesimal transformation) of N associated with £ and by the corresponding 
tangent field of A(F). The equivariance property of v implies 

d M(<?A , ao )) = [C#U+a„ = d Ao+ao (0 = d Ao (C) + [<*o,C] ■ (2) 

Lemma 1.7 Let Ao e A'(F). There exists e(Aq) > smc/i i/iai i/ie differential 
d(A ,a a )V a t (Ao,ao) is an isomorphism for every ao G Na with ||ao||z,°° < 
e(A ). T/ie assignment A e(A ) can fee chosen to continuous and gauge 
invariant. 

Proof: The submersion w : A'(F) — > 5(F) induces a submersion u> : iV — > 
5(F). Fix (A , a ) G Af and choose u G ker(cU ) H T(5(F)). The subspace 

{Cd.^lCG^M^)^} 

is a w-horizontal space at (A n ,a ), i.e. a topological complement of the ver- 
tical tangent space T/A , ao )('ti~ 1 (( u o))- This complement is isomorphic with 
A (so(uq) ± ) ■ A vertical tangent vector 

v' eT { A^ ao) (w^((u Q )) 
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can be written as v' — (b,(3), where b £ A 1 (so(u Q L )) and (3 £ A 1 (so(u L ) ± ) 
satisfy the equation 

d* Ao P-*[bA*a ] =0 . 

(obtained by derivating the relation d* A ao — in the direction (A ,do) = 
(&,/?)). Therefore, one has an isomorphism 

T {Ao , ao )(N) = {(b,/3) £ A 1 (so(u^))®A 1 (so(u^) x )\ d* Ao P - *[b A *a ] = 0} © 

Using ((2|) one obtains 

du(b, p,Q=b + p + d Ao (0 + [oo, C] • 
The statement follows now directly from Lemma 11.81 below. ■ 

Lemma 1.8 If ||q;o]| is sufficiently small, then the operator 

A 1 (so(4)) fc ©A 1 ( SO «) ± ) fe ©A ( SO (^) x ) fc+1 ^A 1 (so(F)) fe ®A ( SO (^) x ) fe _ 
given by 

(6, p, C) i-> (6 + P + d Ao (C) + [a , C], d* Ao p - *[6 A *a ] 
is an isomorphism. 

Proof: We omit as usually the Sobolev indexes. Using the decomposition 

A 1 (so(F)) = A l (so(i4)) © A^soiu^) , 
the operator P can be written as 



P 



id [a , ■] 

id d Ao 

- * [• A *a ] c?Aq 



If (6, P, () £ ker(P), one obtains easily 

b = -[ao.C] j ^Aq/ 3 = -d* Ao d Ao ( = *(bA*a ) = *(-[ao,C] A * a o) 

A^ C = *[[a ,C] A*a ] (3) 
On the other hand, since u$ is parallel and dim(ker(d J 4 )) = 1, one has 

ker(d Ao : A°(su(u x ) x ) -> A 1 (su^) 1 -)) = 

= u A F kerfd^ : A°(u x ) -> A 1 «)) = {0} 
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so the minimal eigenvalue ri(A ) of A Ao : A°(su(uq ) ± ) — ► A°(su(uq ) ± ) is 
positive. Therefore ([3]) implies ( = (hence ker(P) = 0) as soon as ||ao|||oo is 
sufficiently small with respect to ^rg^ • For surjectivity, note that the equation 

P(b,f3,0 = (c,J,v) (4) 

becomes 

b + [a ,Q = c , (3 + d Ao C = 7 , d Ao [3 ~ *[b A *a ] = 77 . 

Consider first the weaker equation (for the single unknown 

A^oC - *[["o, C] A *"o] = - * [c A *a ] - rj + d Ao j , 

which is uniquely solvable, as soon as ||ao|li°o is sufficiently small, so one gets 
a unique solution ( £ A°(so(Mj]-) ± )fc + i for a triple (0,7,77) of Sobolev type 
{L p , L p , L 1 ? , ). Then set /3 := 7 — c^oC b := c — [a 05 C]> an( i we § e t a solution 
of the equation (0| of Sobolev type (L p , L p , L p k+l ). ■ 

Lemma 1.9 Let Aq e A'(F) andu € ker(d A )nr(S(F)). There exists e(A ) > 
such that for every a G A 1 (so(uq)' L ) with d* A (a) = and ||a||z,cc < e(Aq) the 
energy functional E A[)+a on the space T(S(F)) obtains its absolute minimum at 
±Uo and only at these sections. Moreover, the assignment A! (F) 3 Aq i— > e(Ao) 
can be chosen to be continuous and gauge invariant. 

Proof: Consider a section u 6 r(5(F))), put t> := u — uq, v' := u + uo, and set 
a := uo Ai? a, where a E t4 1 (m^). This implies \a\ 2 — 2\a\ 2 . One has 

\\d Ao+a u\\ 2 - \\d Ao+a ua\\ 2 = \\d Ao+a v\\ 2 + 2(d Ao+a u 0l d Ao+a v) = 

= \\d Aa v\\ 2 + ||a(u)H 2 + 2(d Ao v, a(v)) + 2(a(u ),d Ao v) + 2(a(u ),a(v)) . 
But 

d* Ao (a(uo) = - * d Ao (*a(u )) = - * d Ao (*a)(u ) ± A d Ao u ) = 
(because d* Ag (a) = and d A[) uo = 0). On the other hand it holds pointwise 
(a(u ),a(v)) = {{u A f a)(u ), (u A F a)(v)) = 

= {a, (u Q ,v)a - {a,v)u ) = \a\ 2 (u ,v) = ^\a\ 2 {u , v), 
1 = \u + v\ 2 = \u \ 2 , 2(u 0) v) = ~\v\ 2 ■ 

Therefore 

\\d Ao+a u\\ 2 - \\d Ao+a u \\ 2 = \\d Ao v\\ 2 + \\a(v)\\ 2 + 2{d Ag v,a{v)) -\ \a\ 2 \v\ 2 
> \\dA v\\ 2 - c 1 snp\a\\\d Ao v\\ L 2\\v\\ L 2 - c 2 sup |a| 2 |H|! 2 
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Since the same computation also applies to —uq, we get 
EA +a{u) - E Ao+a (u ) > \\d Ao v'\\ 2 - d sup lallldAo^'llllw'll - c 2 sup |a| 2 ||t/|| 2 

E Aa+a (u) - E Aa+a (u ) > \\d Aa v\\ 2 - ciS\iv\a\\\dA v\\\\v\\ - c 2 sup |a| 2 |H| 2 (5) 

Since ||u|| 2 2 = ||uo|| 2 2 = Vbl(M), one has (it— u )± L 2(u+uq), so the triangle 
(uq, u, —uq) is L 2 -right at the vertex u, and one has 

sin 2 Z(Rv, Ru ) + sin 2 Z(Rv', Ru ) = 1 . 

Therefore, either sin Z(Rv, Ruq) > or sin Z(Rv' ,Ruo) > -j=. Suppose we are 
in the first case. 

We get the inequality: 

IHl! 2 <2||pr R< «|| 2 <^||^( U )|| 2 , 

where pr Ru ± stands for the L 2 -orthogonal projection on the L 2 -orthogonal com- 
plement of the line Ru = ker((i J 4 ) and X(A ) is the first positive eigenvalue 
of A Ao : A°(F) — > A°(F). In other words, , 1 is the norm of the inverse 

V / A(A ) 

G Ao : im(d Ao ) — > ker(d^ ) of d A(> with respect to the L 2 -norms. 
Using we get an estimate of the form 

E Aa+a (u)-E Aa+a (u a ) > H^Ao^ll 2 — ci(yl ) sup \a\\\d Aa v\\ 2 -C2{A a ) sup |a| 2 ||rfA ^l| 2 

for positive constants Ci(Aq), c 2 (v4o). Taking 

we get for sup \a\ < e(A ) 

E Ao+a (u) - E Ao+a (u ) > h\d Aa v\\ 2 > ^-^-\\v\\ 2 , 

which is strictly positive unless v = 0, i.e. u = u$. The same argument applies 
in the case sin Z(Rv', Ruo) > -7= by replacing u with — uq and v with v'. ■ 

The inequality < s(Aq) as Aq varies in A'(F) defines a gauge in- 

variant neighborhood N of the zero section in the normal bundle N of this 
submanifold. 

Corollary 1.10 The restriction of the natural map 

v : N — > A{F) , u(A , a) := A Q + a 

to TV is injective. 
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Proof: Indeed, if v(Aq,o) — v(Bq,(3) — A, then one must have ker(rfyi ) = 
ker(<iso); because the absolute minimum of Ea on T(S(F)) is unique up to 
sign. By Remark 11.21 we obtain Aq = Bq, so finally a = (3. ■ 

Combining with Lemma ll.7[ we get 

Theorem 1.11 There exists a gauge invariant neighborhood IA of the zero sec- 
tion in the bundle N which (after suitable Sobolev completions) is mapped dif- 
feomorphically onto its image via the natural map v. 

Remark 1.12 The map v\ u can be regarded as a system of "gauge equivariant 
polar coordinates" around the submanifold A'(F). 

Remark 1.13 In the finite dimensional framework, one can prove easily that 
in general, for any submanifold X of a Riemannian manifold Y there exists a 
neighborhood of the zero section in the normal bundle Nx/y which is mapped 
diffeomorphically via the exponential map onto a normal neighborhood of X . 
However, in the infinite dimensional framework, the problem is much more dif- 
ficult. Theorem \1.11\ solves this problem in the special case of the embedding 
A'{F) c A(F). 

1.3 Normal neighborhoods of the reduction loci in the 
space of Hermitian connections 

Let £ be a rank 2 Hermitian bundle over a 4 manifold M and denote D := 
det(_E), d := c\(D). Consider the involution id : x i— > d — x on H 2 (M,Z). A 
congruence class A S H 2 (M,1*)/ (id) will be called a topological decomposition 
of E if it coincides with the set of Chern classes of the terms of a splitting of E 
as direct sum of line bundles (i.e. when x(d — x) = c%{E) for x € A). 

Fix a connection a 6 A(D) and denote by A a {E) the affine space of connec- 
tions on E inducing a on D. Our gauge group is the group Ge '■= T(SU(E)) of 
determinant 1 unitary isomorphisms of E. A connection will be called simply 
reducible if dim(ker(ii J 4 : A°(su(E)) — > A 1 (su(E)))) = 1. Such a connection 
admits precisely two parallel line subbundles (which, of course, might be iso- 
morphic), and these subbundles give an A-parallel orthogonal splitting of E. 
If A admits a parallel line bundle L with 2c\(L) ^ d, then A is automatically 
simply reducible and L, L are the unique A-parallel line subbundles of E. In 
particular, if d 2H 2 (M,Z), then any reducible connection on E is simply 
reducible. If we fix a line subbundlc L <— ► E, there exists a natural bijection 
between the simply reducible connections of E for which L is parallel and the 
subspace A*(L) C A(L) of abelian connections b 6 A(L) for which b ^± a®b y . 
On has automatically A*(L) = A(L) when 2c\(L) ^ d, whereas A*(L) is the 
complement of 2 &1 ^ Ar ) gauge orbits in A(L) when 2c\(L) — d. 

Let A be a topological decomposition of E and denote by A^ (E) the subspace 
of simple reducible connections A e A a (E) with the property that the set of 
the Chern classes of the two A-parallel line subbundles of E coincides with A. 
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Such a connection will be called A-reducible. Denote also by T x (S(su(E))) the 
set of sections u G T(S(su(E))) with the property that the set c(u) of Chern 
classes of the eigen line subbundles of u coincides with A. Putting 

1 

L u := ker(u - ^ id fi) ( 6 ) 

these eigen line subbundles are L± u . One has a natural surjection 
W :A^E)^(S(su(E))) /{±i} 

which associates to every connection A G A X (E) the unordered pair of sections 
of the sphere bundle S(su(E)) which are A-parallel. 

For sufficiently large Sobolev index k, the space T(S(su(E)))k+i becomes 
a Banach manifold and the subset T x (S(su(E)))k+i is open and closed in 
T(S(su(E)))k+i, so it is a union of connected components. The gauge group 
GE,k+i acts smoothly on T(S(su(E)))k+i, leaving invariant T x (S(su(E)))k+i; 
on the quotient T x (S(su(E)))k+i/{±l} this gauge group acts transitively. The 
same arguments as in the proof of Proposition 11.51 show that 

Proposition 1.14 The subset A x (E)k C A a (E)k is a submanifold, which is a 
locally trivial affine bundle over T x (S(su(E)))k+i/{H}- The fibre over a class 
[u] G r(S(su(E)))k+i/{±l} can be naturally identified with the space of abelian 
connections A*{L u )k- 

Fix a reducible connection A G A X {E) with w{A) = [u\. Put S u := (if 2 ®D y ). 
The bundle su{E) splits as an orthogonal sum sum of A-parallel summands: 

su(E) = (M x Ru) © S u = so(u ± ) © so(w- L )- L , 

and, as in the section IT751 we obtain the following L 2 -orthogonal decomposition 
of the tangent space T A (A a (E)) = A 1 (su(i)) at A: 

A 1 (su(E)) = A 1 (M, M)u © A 1 (S u ) = 

A 1 (M,R)u®d A [A°{S u )] © ker [d* A : A\S U ) -> A°(S U )] . 

The first summand A 1 (M, M)u is the tangent space of the fibre w _1 (u) ~ A* (L u ) 
at A, n A '■— d A [A°(S u )] is the normal space at A of this fibre in the submanifold 
A X (E), whereas the space N A := ker [d* A : A 1 (S U ) — ► A°(S U )] is the normal 
space at A of A X (E) in the space of connections A a {E). 

We denote by N x — > A X (E) the L 2 -normal vector bundle of the submanifold 
A X (E), whose fibre over A G A X (E) is N A . 

Using Theorem 1 1 . 1 1 1 we obtain the following important result, which gives 
an L 2 -normal neighborhood of the submanifold A X (E) of simple reductions of 
type A, and a system of polar coordinates around this submanifold. 
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Theorem 1.15 There exists a gauge invariant neighborhood U x of the zero 
section in the normal bundle N x — > A X (E) which (after suitable Sobolev com- 
pletions) is mapped diffeomorphically onto its image via the natural map 

v. N x -> A a (E) , (A, a) ^ A + a . 

The elements of the orthogonal slice v(NaC\U x ) C A a (E) through A 6 A X (E) 
are connections for which the two elements of 

kev(d A : A°{su(E)) -> A 1 (su(E))) n T(S(su{E))) 

(which are A-parallel) are the unigue energy-minimizing harmonic sections in 
T{S{su{E))). 

From now on we will always assume that U x is denned by an inequality of 
the form ||a||L°° < s(A), where A i— > e(A) is continuous and gauge invariant 
(see Lemma 11.71 and Lemma II. 9[) . 

1.4 Twisted reductions 

When the base manifold has nontrivial first homology group Hi (M, Z) , one 
also has to take into account the twisted reductions, i.e. the connections which 
are irreducible but whose pull-back on a double cover of M become reducible. 
Although the stabilizer Ge,a of such a connection is just the center {±id_g} 
of the gauge group, these loci of twisted connections and the geometry of the 
instanton moduli spaces around these loci must be studied in detail; the reason 
is simple: the classical transversality results with respect to metric variations 
|DK| fails not only at a reduction, but also at a twisted reduction, so it is not 
clear whether one can achieve regularity of an instanton moduli space at such 
a point by perturbing the metric. 

Let p : tti(M,Xo) — > {±1} be a group epimorphism and denote by 7r p : 
M p — * M the double cover associated with ker(p). The tautological involution 
of M p will be denoted by i. A connection A e A a (E) will be called p-twisted 
reducible (or a p-twisted reduction) if it is irreducible, but its pullback 7r*(A) 6 
-^7r*(a)( 7r p(-E')) is reducible. For such a connection one has an orthogonal A- 
parallel splitting ir*(E) = L' ® L" and an isomorphism L" ~ l*(L'). L' and 
L" are the unique 7r*( J 4)-parallel subbundles of E, because, if not, the 50(3)- 
connection associated with ir*(A) would be trivial. In this case A must be flat 
and the holonomy of A acts on the projective line ¥(E Xo ) by an involution. 
Therefore, A would admit (at least) two parallel line subbundles, contradicting 
the assumption that A was irreducible. In other words tt* p (A) must be simply 
reducible of type A = (I, £*(?)), where I is a solution in H 2 (M p , Z) of the system 

l + i*(l) = ir* p (d) , l-L*(l) = 2c 2 (E) . (7) 

For a p-twisted reduction A the S'0(3)-bundle su(E) has an A-parallel splitting 

su(E) = R p © F , 
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where R p is the Euclidean real line subbundle of su(E) consisting of trace-free 
anti-Hermitian endomorphisms u x £ su(E x ) whose eigen lines are L~, — 
£[,-•,, where J is a lift of x £ M in M p , and L', L" are the 7r*(A)-parallel 
line subbundles of tt*(E). R p is isomorphic with the non-orientable Euclidean 
real line bundle associated with the representation p : Kx(M, xo) — > 0(1). The 
second term F is an 0(2)-bundle with det(F) ~ i? p , whose pull-back to M p has 
two 50(2) = [/(l)-reductions, isomorphic with [L'] v ® L" and [L"] v <g> L'. 

We fix a topological decomposition A = {/, of tt*(E) and we denote by 

Aa (E) the subspace of p- twisted reductions A £ A a (E) with the property that 
7r*(A) is simply reducible of type A. 

Denote by F L (S(su(ir*(E)))) the set of sections u of the sphere bundle of 
su(n*(E)) satisfying the property l*(u) = —u and by T^(S(su(n*(E)))) the 
subset oi T l (S(su(tt*(E)))) consisting of sections u, such that the Chern classes 
of the eigen line sub-bundles of tt*(u) are I, t*(l). 

In the same way as in the case of non-twisted connections one gets a locally 
trivial, gauge equivariant fibration 

»:^(£)^ r >«( £ ))))/ {±1} . 
and the fibre over a class [it] can be identified with the subspace 

■K{ L ^ p (u)) C A(L n , {u) ) 
of abelian connections b £ A(L n *^) satisfying 

b ® l* (b) = i* (a) (via the obvious isomorphism L ® i* (L) ~ tt*(D)) , bgkt*(b). 

The second condition is superfluous when I ^ t*(0- The space A 1 (su(E)) splits 
as 

A 1 (su(E)) = A 1 (R P ) © cIa[A (F)] © ker [d* A : A 1 (F) — > A (F)] , 

where the third term can be identified with the normal space at A of the sub- 
manifold Aa(E) of p- twisted connections of type A. 

Using similar methods as in the proofs of Theorems 11.111 11-151 one gets 
easily the following existence theorem for L 2 -normal neighborhoods of the loci 
of twisted reductions. 

Theorem 1.16 There exists a gauge invariant neighborhood U x of the zero 
section in the normal bundle N x — > A^(E) which (after suitable Sobolev com- 
pletions) is mapped diffeomorphically onto its image via the natural map 

v.N x ^ A a (E) , (A, a) ^ A + a . 

The elements of the orthogonal slice v{Na^1^ x ) C A a (E) through A £ A^(E) 
are connections for which the two elements of the intersection 

ker(d K{A) : A (su(ir*(E))) -> A\su(E))) n T p (S(su(n; (£)))) 

(which are tt* (A) -parallel) are the unique energy-minimizing harmonic sections 
in T(S(su(E))). 
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As in the non-twisted case we will suppose that U x is defined by an inequality 
of the form ||a||z,»= < e(A), where the assignment A X (E) 9 A i— > e(A) is gauge 
invariant and continuous. 

2 The Donaldson /i-classes around the reduc- 
tions and the homotopy type of B a (E) 

2.1 The universal bundle around reductions 

The structure of the universal bundle around a single reduction is well-known. 
A complete description can be found in |DK] p. 186-187. However, for our pur- 
poses, this classical result is not sufficient, because we will need the structure 
of the universal bundle around positive dimensional subspaces of reductions. 

We recall that the universal S'0(3)-bundle on B*(E) x M is defined as 

F •= x ME)/ 

'Ge ' 

where Ge '•= &e/{±1} acts in the natural way on both factors. Alternatively, 
one can let Ge act from the right and define F to be the bundle with fibre su(E) 
over B*{E) which is associated with the principal {^-bundle A*(E) — > B* a {E). 
Let A = {l,d~ 1} be a topological decomposition of E. We will assume for 
simplicity that 21 ^ d which assures that A(L) = A*(L) for every Hermitian 
line bundle of Chern class I; in particular the fibres of the fibration w : A X (E) — ► 
T x (S(su(E))/{±l} are affine spaces of the form A(L U ) (see section [0)) . 

We will omit the upper script A in the notations N x , U x introduced in the 
previous section and we denote by N* , U* the complement of the zero section 
in N and U (see Theorem II . 15|) . Replacing U be a smaller gauge invariant 
neighborhood if necessary, we may assume that v(U*) C A* a (E). We put 

V := C B a (E) , V* := "0O/ & c B* a (E) . 

V is a neighborhood of the moduli space of A- reductions B X (E) := A x (E)/Ge- 
Fix a section u £ T x (S(su(E))) and denote by Gu the subgroup of Ge consisting 
of elements g G G which leave L u invariant. We have a natural isomorphism 
Gu £Si G, where Q := C°°(M, S 1 ). Put 

G--= G /{±l}-> Gu:= G i {±1} cG E , 

and denote by G x ° , G E ° , GZ° the subgroups of G (respectively Ge, Gu) of elements 
/ with f(xo) — I- Note that these subgroups are mapped injectively into 
Ge, Gu, so we will use the same notations for the corresponding subgroups of 
these groups. 

The main point which will be used in our computation is that the fixing of 
the section u defines a ^-reduction of the restriction of the principal ^-bundle 
A* a {E) -► B*(E) to the subspace V* C B* a (E). 
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Proposition 2.1 Suppose A = {l,d-l} with 21 ^ d. Let u G T x (S(su(E))) 
and let N u C A(L U ) x A (S u ) the restriction of the normal bundle N to the 
fibre ~ A{L U ). Then 

1. v{N u nW) is the submanifold of the normal neighborhood v{W) consisting 
of connections for which ±it are harmonic and energy minimizing. 

2. The embedding v\ N nU : N u V\U <—* A a (E) induces isomorphisms 

3. The map v induces an isomorphism between V and the cone bundle over 
the projectivization ¥(N U ) of the vector bundle 

Nu := Nu /q*o 

over B{L U ) = A{Lu)/ 

x , and V* is identified with the complement of 
the vertex section in this cone bundle. In particular one has a homotopy 
equivalence 

V* ~ P(JV„) C A(L U ) x g * P(A 1 (5 U )) . (8) 

4- v{N u DU*) is a Q u -reduction of the restriction of the principal Q^-bundle 
A* a (E)^B* a (E) toV*. 

Proof: The first statement follows easily from Theorem 11.151 The second 
and the third statements are obvious. For the fourth, it suffices to prove that 
the <?_E-orbit of a point v(t) G v(U*) intersects u(N u tlU*) along a (?„-orbit or, 
equivalently, that the C^-orbit of t = (6, a) G N* intersects N* along along a Q u - 
orbit. Since Ge acts transitively on T x (S(su(E)))/{±l}, we see that t-§E^N* 
0, so we can suppose t G N*. If an element g G Ge maps t into N*, then 
g(b) G A(L U ) C A a (E), i.e. u is both 6-harmonic and g(6)-harmonic. This 
implies ad g (w) = ±u. Since we assumed that I =/= d — I, we have L u L_ u , so 
necessarily ad g (it) = u i.e. g G Gu- ■ 



Corollary 2.2 The open subspace V* C B*(E) has the homotopy type of the 
product [S 1 } bl( - M '> x P°° . 

Proof: Let g be a Riemannian metric on M. The moduli space A4j M (L u ) of 
Yang-Mills connections on L u with respect to g is isomorphic to 



iH 1 (X, M) / -Tg^ 
/2mH 1 {M,Z) ~ P J 



(A/) 



and the inclusion Ai* (L u ) <^-> B(L U ) is a homotopy equivalence. On the 
other hand, since A4j (L u ) is compact, the restriction of the infinite rank 
vector bundle N u to this subspace is trivial. This completes the proof. ■ 
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The decomposition 

su(E) = [M x (iE)] © S u 

is C/ u -invariant. Therefore 

Corollary 2.3 77ie restriction IF | v » decomposes as a direct sum 

¥\ v , ~ [(V* x M) x il]ffl5„ , 
where S u is the complex line bundle on V* x M defined by 

S u --v(N u r\U*) x S u i_ 

In particular p i (F) = ci(5 u ) 2 . 

The cohomology algebra of V* can be easily described explicitly using Corol- 
lary 12.21 The construction below yields generators with explicit geometric in- 
terpretation. 

Put L = L u , S — S u — L® 2 ® D v , 5 = Su to save on notations. The 
subbundle N u C A(L) x has an intrinsic interpretation in terms of L: it 

is just the bundle JC — kerJ of kernels of the family of operators 

5 := (rfb®2 ( g )a v)f, G ^(L) 

and U n N u can be identified with a ^-invariant neighborhood U u of the zero 
section in this bundle. The bundle K. descends to a bundle K. := K./Q x ° over 
B(L). Using the isomorphism V* ~ u jg induced by v, one can identify S with 
the line bundle 

U U X S /g ► U u/g X M C X M = ^V^l X M ■ 

Therefore, S can be regarded as the restriction to [W*/^] x M of the line bundle 
s . = A(L)x(A 1 (S)\{0})xS / 

on B*(E) x M, where B*(E) is the quotient 

B* U (E) := A ( L ) x \ {°V/g = A(L) Xg* P(A\S)) , 

which can be regarded as a projective bundle over B(L). The space B U (E) 
is very much similar to the infinite dimensional gauge quotient of the space 
of irreducible configurations in Seiberg-Witten theory. More precisely, let in 
general V be a line bundle and W a complex vector bundle on M. The natural 
map 

Pv , w : B*(V, W) := A ( V ) x l A °( W ) \ i^/g — B(V) 

is a projective bundle. On the product B(V) x M one has a tautological line 
bundle defined by 

Y W : =AV)x[A°(W)\{0}]xV/ g 
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Lemma 2.4 With the notations and assumptions above one has 
1. There exists a natural isomorphism 

S v : i?i(M,Z) H\B{V)) 
which induces an isomorphism H*(B*(V),Z) ~ h* (Hi{M, Z)). 
T/ie morphism p v w o 5y induces an isomorphism 

H*(B*(V,W),Z) ~ A*(F!(M,Z))(g)Z[W] , 

where hyw is a degree 2-cohomology class defined as the Chern class of 
the principal S 1 -bundle 

A(V) x [A (WO \ {0}} /gxa _^ A(V) x [A°(W) \ {0}} /g = B * (v; ^ 

T/iis cZass restricts to the canonical (tautological) class of the projective 
fibres ofB*(V,W). 

3. The Chern class of the line bundle Ww on B*(V, W) x M is 
ci(Vw) =P*i(h V w)® 1 + 5 V + 1 ® p* 2 {ci(V)) , 

where we agree to denote by the same symbol 5y the element in ^(BiV))® 
H (M, Z) defined by this morphism, as well as the pullback of this element 
via the projection B*(V, W) x M — > B{V) x M. 

Proof: The proof uses the same arguments which are used for the computation 
of the cohomology algebra of the moduli space of irreducible configurations in 
Seiberg-Witten theory (see for instance |OTl| ). ■ 

Corollary 2.5 The line bundle § can be identified with the pull-back ofS^i^g 
via the composition 

induced by 

A{L) x [A\S) \ {0}] 9 (b, a) i ► (b® 2 ® a' 1 , a) e A(S) x [A\S) \ {0}] . 
In particular one has 

c 1 (§)=p* 1 (h u )®l + 2S L +p* 2 {c 1 (S)) , 
where h u is the Chern class of the principal G/G x ° = S 1 -bundle 

A(L) x (A\S) \ {0}y gxo _^ A(L) x (A 1 (S) \ {0})/_ = B * u{E ). 



19 



Proof: The map (b, a) \— > (&® 2 ® a 1 , a) induces an isomorphism u which fits 
in the diagram 

K[E) = A(L) x [A (A 1 ® S) \ {0}]/_ ^ A(S) x [A (A 1 ® 5) \ {0}]/ ^ 

^ ^(S) x [A (A 1 ® 5) \ {0}} /g = ^ A i 5) > 
where t> is the obvious epimorphism. The map 

yl(i)x[A 1 (5)\{0}]x5e (6, a, a) i-> (6® 2 ®o- 1 , a, s) G A(S) x [^(^{0}] x S 

descends to an isomorphism § ~ (v o u)*(S\i^s)- It suffices to notice that 
(v o u)* (hvw) = h u and (v ou)*(S s ) = 2S L . ■ 

Corollary 2.6 Suppose that b + (M) = 0. The restrictions of the Donaldson 
fj,-classes to V* are given by the formulae 

fi( A) = - (S L U M ci (5) , A) e H 1 ( V* , Z) VA G # 3 (M, Z) , 

= -^(ci^)^}^ G H 2 (V*,Q) Vx G i/ 2 (A,Z) , 
MO?) = -<5l(t) U ^„ e H 3 (V*,Z) Vcr G fli(XZ) , 
i/:=M*) = -^eff 4 (V*,Q) • 

Proof: Every monomial of the form a U 6, with a, b E H 1 (B,Z I ) satisfies the 
relation (a U 6) 2 = so, since we supposed b+{M) = 0, one gets easily that 
a U b G Tors(# 2 (M, Z)). Therefore 

im(U : H 1 (M,Z)(g>H 1 (M,Z) -> H 2 (M,Z)) C Tors(iJ 2 (M, Z)). 

This implies <5| = 0. Therefore 

-^i(^lvO = -^i(S) 2 = 

- Jbi(^) ® 1 + U J L + 2^(/i„) Urf(ci(S)) + 4<5 L Urf(ci(5))] . 

Using Donaldson's formula //(a:) = — jPi(F)/a: for a; G H*(X,Z), one gets easily 
the claimed formulae. ■ 
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2.2 The topology of the moduli space B a (E) 

Describing the weak homotopy type of the moduli space B*(E) of irreducible 
connections is a well-known classical problem in gauge theory. This problem is 
treated in detail in [DKJ , where the authors also compute the rational cohomol- 
ogy algebra of this space. Surprisingly, describing the weak homotopy type of 
the whole moduli space B a (E) of connections is a delicate problem, which, to 
our knowledge, cannot be solved with similar methods. 

Our result concerning the existence of L 2 -normal neighborhoods of the reduc- 
tion loci, gives a solution to this problem. Suppose for simplicity that d := c±(D) 
is not divisible by 2 in H 2 (M,Z), so that any reducible connection A G A a (L) 
is simply reducible. Let be the set topological decomposition of E, i.e. the 
set of unordered pairs A = {I, d — 1} with l(d — I) — 02(E). 

Using the notations and conventions of section 12.11 we get the following 
decomposition of the space B a (E) as a fibred sum: 

B a {E) 

/ \ 

K(E) [WxeK E V X ] , (9) 

\ / 

where V A := ^ Jg is the gauge quotient of the gauge invariant i 2 -normal 

neighborhood U x of the reduction locus A X (E) constructed in section fQl Since 
the homotopy types of the terms are known (see Corollary 12. 2|h Choosing a 
Hermitian line bundle L with c\(L) E A, one has 

V X ~B(L)~ [^] bl(M) , V A * ~ [5 x ] 6l(M) x P°° , 

this description determines the homotopy type of the space B a (E). In particular 
one can compute the cohomology of this space using the Mayer- Vietors exact 
sequence. 

Example 1. Suppose that Hi(M,Z) ~ Z, b 2 (M) = b^(M) = 2. Under 
these assumptions, by Donaldson's first theorem, one can find a basis (ex, e.2) 
in H 2 (M,'Z) such that ef = -1, e x U e 2 = 0. It will follow that d := e\ + e 2 
is an integral lift of the Stiefel- Whitney class W2(M). Let now E be a rank 
2-Hermitian bundle with c\(E) = d, 02(E) = and put again D — det(i?). 

Our problem is to compute the degree A-cohomology of the space B a (E), for 
1 < k < 4 using the Mayer- Vietoris sequence applied to the decomposition [5J 
Denote by L c a Hermitian line bundle with Chern class c. The set A# has two 
elements: 

A :={0,d} , Ai :={e 1 ,e 2 } . 
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Denote by Vo, Vi, Vq, V* the corresponding subspaces of B a (E), and put V := 
Vq U Vi, V* := V * U V£. We get exact sequences: 

...—> W-^BUE)) © H l -\V) — » iP" 1 ^*) — ► H i (B a (E)) — ► 

— > H l (B* a (E)) © iT(V) — -> iP(V*) — > . . . 
Using the standard description of the cohomology of B*(E) (see |DK] ). we obtain 

H\B* a (E)) = (/i(A )) Q =s Q , H 2 (B* a (E)) = (MA), M/ 2 ))q - ^ 2 . 

where Ao is a generator of Hs(M, Z) and /j := PD(ej). Since we assumed 
61 (X) = 1, we obtain easily using Poincare duality that 

im(U : if x (M) <g> H 2 (M) -> H 3 (M)) = 

hence, by Corollary I2.6| we obtain /x(Ao)| v . = 0. Note also that the restriction 
morphism H l (V) — > _ff l (V*) is an isomorphism for i = 0, 1 and is injective for 
all i. The exact sequence above for i = 1 yields 

H l {B a (E)) = ker(H\B* a (E)) © ff*(V) - tf x (V*)) - ((m(A ),0)) q ^ Q . 

Therefore, the cohomology class defined by the Chern-Simons functional |DK) 
associated with a hypersurface representing Ao extends to the whole moduli 
space B a (E). This is a general phenomenon. For i — 2, we obtain 

H 2 (B a (E)) = ker(H 2 (B* a (E)) - ff 2 (V*)) . 



On the other hand by Corollarv l2.6l 

Kfi)\ V ' = ^( e l + e 2,fi)h Uo , Kfi)\ v * = \{ e 2 ~ ei,fi)h ui , 

where u, e T(S(su(E))) satisfies L Uj ~ L*. Therefore H 2 (B a (E),Q) = 0. 
Taking into account that the restriction morphism H 2 (B*(E)) — » i/ 2 (V*) is 
surjective and if 3 (V) = 0, the same exact sequence for i — 3 yields: 

H 3 (B a (E)) = kcr [ff 3 (£:(£)) -> # 3 (V*) = 3 (V *) © ff 3 (Vr)] . 

The space H 3 (V*) is generated by (^(oo) U /i Ui , where cr is a generator of 
Hi(M,Z), whereas 

H 3 (B* a (E)) = (/i(ao),/x(AoH/i),MAo)M(/ 2 ))Q ■ 

By Corollary 12.61 one has /i(<7o)| v » = — ^L i (co)^u i and we have seen that 
/i(Ao)| v » = 0. This shows that 

H 3 (B a (E)) = (m(A )m(/i),m(Ao)m(/2)>q ^ Q 2 . 
The cohomology space H i (B a {E)) fits in the exact sequence 

# 3 (v *)eff 3 (vr) 



I'd ■ 



H (B a {E)) -> H (B*(E)) -> iT(V*) 
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The space H 4 (B*(E)) is freely generated by the five classes 

M*) - M/i) 2 » M/2) 2 , M/1M/2) ,m(Ao)/"(ct ) , 

whereas 77 4 (V*) is freely generated by /i^ and /i 2 ^. This shows that 

ker(ff 4 - ff 4 (V*)) = ( M (*)+ A1 (.f 1 ) 2 , M (*)+ A1 (/ 2 ) 2 , M (Ao)m(<7 )) q Q 3 . 

The quotient on the left is 1-dimensional, so H 4 (B a (E)) ~ Q . 

Remark 2.7 .A similar method can be used to compute the cohomology of the 
pair (B*(E),V*), where V = U[L] e # E V L is a normal neighborhood of the re- 
ducible locus in B a {E). 

Example 2. Let M be a 4-manifold with the topological properties considered 
in the example above. The exact sequence of the pair (B*(E),V*) 

W-\B:{E)) W-\V*) H\Bl{E),V*) ^(B:^)) — H*(V*) - 

written for i = 4 shows that the natural morphism iJ 4 (£>*(£?), V*) — > H 4 (B a (E)) 
(induced by the restriction morphism H*(B a (E),V) — > H*{B a (E)) and the 
excision isomorphism H*(B a (E),V) — > H*{B^{E), V*) is an isomorphism. 



3 The instanton moduli space around the reduc- 
tions 

We denote by 7W^ SD (£') C B Q (-E) the moduli of projectively ASD a-oriented 
connections in £7, i.e. the moduli space 

In the first subsection we will study the intersection of this moduli space with 
a normal ncig hborhood V A of the reduction locus B%(E) := A^(E)/G E . We 
will see that, in a neighborhood of a reduction locus, the instanton moduli 
problem is equivalent to an abelian moduli problem, which is very much similar 
to the Seiberg-Witten moduli problem. We will denote by A4^(E) the subspace 
M*{E) := M^ SD (E) n B*(E) of A-reducible instantons. 



3.1 An abelian gauge theoretical problem 

Let I be a Hermitian line bundle which is isomorphic to a line subbundle of E, 
and put S := L® 2 (g> D y . Consider the moduli space M a (L) of solutions of the 
system 

f = (aAa)+. ^ 

I (db®2® a v,d£ <S 2g )a v)ct = 

for pairs (b, a) e A(L)x A 1 (S), modulo the abelian gauge group Q = C°°(M, S 1 ). 
This system is very much similar to the Seiberg-Witten system; indeed, the left 
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hand operator in the first equation is elliptic and can be written as coupled 
Dirac operator. The main difference is that in general there is no a priori bound 
for the a-component on the space of solutions of this system and, in general, 
the moduli space is not compact. 

We denote by M™ d (L), M* a (L) the subspaces of reducible (respectively 
irreducible) solutions. As in Seiberg-Witten theory "reducible pair" means "pair 
with trivial a-component" . Therefore one has a natural identification 

Ml cd (L) ~ T a (L) := ML)/ g , where Aa (L) := U G A(L)\ F+ = ijr+j , 

The space T a (L) is either empty, or a 61 (M)-dimensional torus (when the har- 
monic representative of 01(5*) = 2ci(L) — ci(D) is ASD). 

Put / := Ci(L) and A = {l,d— 1} and fix an isomorphism E — Lffi (D®L V ). 
The map 

(b,a)^A b . a := ( 4 a ) G A a (E) 

\—a a a( g,bv J 

descends to a map M. a (L) — > A^ SD (-E). The image of this map is the subspace 
consisting of those instantons which can be brought in Coulomb gauge with 
respect to a A-reducible connection. Suppose again that 21 ^ d (such that 
any reduction having a parallel line subbundle of Chern class I is simple), and 
consider the continuous, gauge invariant function e : A^(E) — > R>o defining the 
normal neighborhood U x of A*(E) (see section H~3|) . For b G A(L) put 

e(b) := e{A b ) , where A b := b © (a <g> 6 V ) G -4^(-B) , 

and denote W A the (/-invariant subspace of the configuration space A(L)xA 1 (S) 
defined by the inequality ||o:||l°° < s(b), and by Z x its (/-quotient. 

Proposition 3.1 The restriction of the instanton moduli problem to the normal 
neighborhood v(U x ) of A^{E) and the restriction of the abelian moduli problem 
U0\) to the neighborhood W A of A(L) x {0} are equivalent moduli problems. 

In particular, the map induced by ip applies A4 a (L) f] Z x isomorphically 
onto the neighborhood M^ SD (E) fl V A of the subspace M^E) of \-reducible 
instantons, and induces an isomorphism A4 T ^ d (L) ~ A4^(E). 

Proof: This follows directly from Proposition 12. 1| [2l ■ 

Corollary 3.2 Let b G A a (L). The deformation elliptic complex CA b at the cor- 
responding reduction A b splits as a direct sumCA b = C(^(M)©C { J 82( v )a v (S), where 
Cq(M) is the standard d + -elliptic complex for iM.-valued forms and C^2^ a v(S) 
is the d + -elliptic complex for S -valued forms associated with the connection 
6® 2 ©a v . 

Remark 3.3 The complex index of the elliptic complex C^^^iS) is given by 
ind c (C+(5)) = cl(S) + (b+(M) - bx(M) + 1) . 
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3.2 A twisted abelian gauge theoretical problem 

Let p : tti(M,Xq) — > Z 2 be a group epimorphism and consider the associated 
objects 7r p : M p —> M, i : M p — > M p introduced in section [Ol 

Let L be a Hermitian line bundle on M p whose Chern class I is a solution 
of the system ([7]) and put A = {l,t*(l)}. In this section we will assume that 
I ^ i* (I). We fix an isomorphism tt*(E) = L &> l*(L). We denote by A t (L) the 
subspace of A{L) consisting of connections b € A{L) such that b®L*(b) = n*(a). 
The natural gauge group acting on this space of connections is 

g L ^{/er^sf 1 )! t*(f) = f} ■ 

The Lie algebra of this group can be identified with A°(R P ), where R p is the real 
line bundle associated with the representation p. One has a natural embedding 
Qi, — ► 5,r*(_E) factorizes through an embedding Q L Qg. 

One has a 5 t -equivariant map A L (L) — > A^(E) given by b i— > A&, where 
is the unique p-twisted connection of type A whose pull-back to M p is b(B t>*(b). 

Put S = L <g> t*(L) v = L® 2 (g) tt*(D). This Hermitian line bundle comes 
with a tautological isomorphism l*(S) = S v — S. We introduce the spaces of 
t-twisted S'-valued forms by 

A*(S) :={aeA k (S)\ L*(a) = -a} . 

Note that, for a connection b S A L (L), one has i<b — j^pC^a) G -^(S 1 )- Endow 
M p with the pull-back metric ir p (g)- Our abelian moduli problem is now 

[ (^® 2 «i7r;(a) v ' ^b® 2 (gi7r*(a) v ) 

for pairs (6, a) € -4,.(£) x (5') , modulo the abelian gauge group Q t , 

The stabilizer of any pair (b,a) E A L (L) x Aj(S) is {±1} C Gi, so, in 
fact, this moduli twisted abelian problem has no reductions at all. However, 
the moduli space M a ,i.{L) of solutions has two distinguished gauge invariant 
subspaces Ai T ^f(L), M* a consisting of classes of solutions with vanishing 
(respectively non- vanishing) a-component. As in the previous section we obtain 
a map ijj : M. atL (L) — > Ma SD {E) which applies isomorphically M™^{L) onto 
the space Ai^(E) of p-twistcd reducible instantons of type A. 

The space M^f(L) has a simple geometric interpretation: one has an obvi- 
ous identification 

M%(L) c A -»^ n ML) /g L C M^ (a) {L) 

which shows that M™f{L) is the subspace of Mffi/ a \ (L) defined by the equation 

[b <S) L*(b)} = [a]. If the harmonic representative of ci(S) is not ASD (with 
respect to the pull-back metric), the space M™f (L) will be empty. When this 



(a A a) + 
. 



(11) 
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representative is ASD, A4^,^(L) will be a (non-empty!) subtorus of the torus 
A4 r ^ a ^(L); this subtorus is (non-canonically) isomorphic to the quotient 

lj ff 1 (Af p ,R),, / 

/27ri J ff 1 (M p ,Z) t ' 

where the symbol (— ) t means t-twisted, i.e. the subspace of (— ) consisting 
of solutions of the equation l*(x) = —x. In particular, if t* : H 1 (M p ,Z) — ► 
H 1 (M p , 1) is the identity and b + (M p ) = 0, this space consists of a single point. 

Consider the continuous, gauge invariant function e : A X (E) — > R >0 defining 
the normal neighborhood U x (see section [01) of A X (E) and, for b 6 A(L) 
put e(b) := e(Af,). As in the previous section we introduce the space W A C 
A L {L) x A\{S) defined by the inequality |H|l=o < e{b) and its gauge quotient 
Z x = W x /g L . We obtain: 

Proposition 3.4 The restriction of the instanton moduli problem to the normal 
neighborhood v(U x ) of the space of p-twisted, type X-reductions A X (E) and the 
restriction of the abelian moduli problem ill)) to the neighborhood W A of A(L) x 
{0} are equivalent moduli problems. 

In particular, the map induced by tp applies A4 a:L (L) n Z x isomorphically 
onto the neighborhood A4^ SD (E) n V A of the subspace A4 X (E) of p-twisted, X- 
reducible instantons, and induces an isomorphism M'af (L) ~ M X (E). 

Corollary 3.5 Let b S ^l 7r *( a )(L) CiA L (L). The deformation elliptic complex 
CA b at the corresponding p-twisted reduction Af, splits as a direct sum Cji b = 
Cq u (M p ) ©C^ t », b w L (S), where Cq l (M p ) is the d + -elliptic complex 

— > iA°(M p ) — > iA\(M p ) iA\^M p ) — 

o/ imaginary i-twisted forms, and C^ L ,( b yj L (S) is the d + -elliptic complex of 
i-twisted S -valued forms associated with the connection b<S> L*(b) v . 

The indices of the two elliptic complexes can be computed easily: The di- 
mension h\ of the fc-th harmonic space of Cq l (M p ) is 

h° t =0,hl= h(M p ) - bi{M) , h 2 L = b+(M p ) - b+(M) , 
Taking into account that ind(Co (M p )) = 2ind(Cg~(M)), we get 
ind(C+ )(M P ) = b+(M p ) - b 1 (M p ) - (b+(M) - b 1 (M)) = b+(M) - h(M) + 1 . 

For the complex Cj^.^v L (S), note that the complex Cj^.^v {&) splits as a 
direct sum 

< -'6(git*(6) v ,t(^') = ( "6(git*(6) v ,o(^') ® ^6®t*(6) v ,(.(^) 

where Cj^.^w Q (5 I ) is the d + -complex of S 1 - valued forms a on Af p satisfying 
l* (a) — a. Multiplication by i defines a real isomorphism C^^^y {S) — 

<& t . (6) v, t (S). Therefore 

hld [ C 4 t *( 6 )v, t (^)] = ind C C+(5) = c?(S) + 2(6+(M) - 6 X (M) + 1) . 
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3.3 Generic regularity at the reductions 

The purpose of this section is to prove a strong generic regularity result for 
reducible instantons. We agree to call regular any solution A G A ASI) (E) (ir- 
reducible or reducible) with = 0. Our result allows to prove that, under 
certain cohomological conditions on our data, there exists a connected, dense, 
open set of metrics for which no irregular reduction appears in the moduli space. 
This will allow us in the next section to introduce Donaldson type invariants for 
definite manifolds, even in the cases when non-empty reduction loci are present 
in the moduli space. 

Let M be a 4-manifold with b+(M) = 0, and E a Hermitian bundle of rank 
2 on M; put as usual D := det(E), d := ci(D), c = c 2 (E). Let \ = {l,d—l} be 
a topological decomposition of E with 21 ^ d. The second cohomology of the 
deformation elliptic complex of a A-reducible instanton reduces to the second 
cohomology of the elliptic complex v (5), where S = L® 2 ® D y . 

Denote by Met (Met r ) the space of smooth (respectively class C r ) Rieman- 
nian metrics on M, where r ^S> k. Our first result is a transversality theorem 
(with respect to variations of the metric g) for the complement 7i g {S)* of the 
zero section in the complex linear space 

H g (S):= [J lU°(C+°(S))®M 2 (C+s(S)} 

[a]eM ASD s(S) 

over the torus A4 ASr>3 (S). Unfortunately this result holds only for metrics hav- 
ing the following property 

H(5) : The vanishing locus of the go harmonic representative of c\(S) has Haus- 
dorff dimension < 2. 

This condition is satisfied by any C°°-metric by a result of Bar[B], and any 
metric g £ Met> 2 (ci(S)) (see section [531 in the Appendix). 

The space Tt g (S)* can be identified with the (^-quotient of the space of 
solutions of the system 

F a 9 = ( 2] 

d a ( + d* a a V = y } 

for triples (a,(,r)) G A(S) x [(A°(S) © A% g (S)) \ {0}]. 

Regard (fT2"| as an equation for systems {g,(T,(,r)), where g € Met r , a G 
A{S) k , and (C,?7) G [{A°{S) k © A 2 +g {S) k ) \ {0}]. Therefore our configuration 
space is now 

A% :=A(S) k x [A (S) k (5Al(S) k }* , 

where A°(S) k is the trivial bundle Met r x A°(S) k over Met r , A 2 + {S) k is the 
bundle of S- valued selfdual forms over Aiet r (see section HTT1 in the Appendix), 
and the symbol [ • ]* on the right stands for the complement of the zero-section. 
Regarding A* k as a locally trivial Banach bundle over the Banach manifold 
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Met r , and denoting by p : A%, — > 7Wet r the obvious projection, we see that 
the left hand terms of the equations (p~2|) define sections !i, o in the bundles 
p*{i[A\] k -i) and ^ x A 1 {S) k - 1 over ^. 

Theorem 3.6 The section (u,v) in the bundle [p* (i{A\]k-i)] ®A 1 (S)k-i over 
Ak is submersive at any solution {go, o~o, £o, Vo) where go has the property H(S). 

Proof: Note first that, under our assumptions, the connection a cannot admit 
nontrivial parallel sections, so applying d* a to the second equation, we get Co = 0. 
Use the metric go as a background metric to parameterize the manifold Met r 
and to trivialize the bundles i[y4.+]fc-i, A+(S)k over this manifold (see section 
15. ip . The system (fT2"|) is equivalent with 

h*{[(h^r(F a )}+} = o 

where the upper script + is used now for the selfdual projection with respect to 
go- The left hand terms of the equations define a smooth map 

r(Sym + (T M ,go)) r xA(S) k x[(A a (S) k xA 2 + (S) k )\{0}} *[^.] fc _i x A^S)^. 

Out task is to prove that the differential of this map at (id, oq, 0, rjo) is surjective. 
Let (a, ft) 6 x A (S)k-i be pair which is L 2 -orthogonal to the range 

of this differential. Using variations of the variables C and rj (for h = id) we get 

d* a (3 = , dt(3 = . (14) 

Using the notations of section 15.11 in Appendix, one has 

dU 
dh 

Therefore, using variations \ £ A {Sjxa(TM, go)Y of h with the property 

mt( X )(F CT ) =0 , 

and noting that m7(x) = [ m l(x)]* ( see section [5 .ip . we obtain for any such x 
= (*d a (m(x)vo)i0)L s = -{m{x)Vo,*d a 0)L s = 
= (m+{x)va,d a /3) L 2 = ([m± (xWVa, d a ft) L a . (15) 

Here we used the fact that the 2-form d a (3 is ASD. By Remark 15.11 in Ap- 
pendix we see that any homomorphism m S A°(Hom(A 2 _, A^_)) r can be written 
as mi(x) for a certain symmetric endomorphism x- Therefore (|15p holds for 
any such section m for which m{F a ) = 0. Now regard /3 as an element in 
A (Homa(S'g, A?_))fc_i, 770 as an element in ^(Homj^S^, h\))k, an d denote 
by [?7o]r € A (Homj{(A^, S'^))^ its adjoint with respect to the obvious real in- 
ner products. Changing the position of 770 in (|15p we obtain 

(m*,d CT /?o fo,]i) z3 = 0, 



(x)=mt( X )(F ff ) , ^ 

(id,cro,0,77o) C" 1 



(x) = *da(m(x)r]) 

(id,cro,0,r)o) 
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for every m € v4°(Hom(A 2 _, A^)) r for which m(F a ) — 0. The condition m(F a ) — 
is equivalent to the condition im(m*) C F^~. Let U be the complement of 
the vanishing locus of F„. We conclude that d a f3o [7?o]h|;7 ^ s ^ 2_or thogonal 
on the whole space of compactly supported F„ -valued bundle homomorphisms 
A^ly — > A^l^. Therefore d CT /3o [770]^ | f/ takes values in the real line bundle 
generated by F a . This implies that either there exists a non-empty open subset 
V C £/ on which 770 has (real) rank at most 1, or d a (3\ u takes values in real line 
bundle generated by i 7 ^^. In the first case we obtain r/o = by Proposition 
15.111 in the Appendix. This contradicts the definition of our configuration space 
At- In the second case one gets f3 = by Corollary 15.101 Finally, using varia- 
tions of a and the assumption b+(M) — 0, we obtain a — 0. ■ 



Denote by VWet^ ad (A) the subspace of metrics for which there exists a non- 
regular A-reducible instanton. Let U C Met r be any open subset of metrics 
satisfying the property H(5). 

Theorem 3.7 Suppose that (21 — d) 2 < 0. Then A4ei£ ad (A) (1U is closed and 
nowhere dense in U and the natural morphism 

^{U\Mef h&A {X))^MU) 

is bijective for any i in the range 0<i< -2(21 -d) 2 +&i(M)-2 and surjective 
for i = -2(21 - d) 2 + bi(M) - 1. 

Proof: By Theorem 13.61 it follows that the section (u,v) is transversal at any 
solution with metric component in U, so the vanishing locus Z(u,v) flj) _1 ((/) 
is a smooth Banach manifold over U. The gauge quotient 

H(SY\ ■^ Z ( u ^ v ) n P^ 1 ( U )/^ 

will also be a smooth manifold, and the natural projection TC(S)* | v — ► M.et T is 
Fredholm of real index 2[ci(S*) 2 + (1 - b x (M))\ + 61 (M) = 2ci(5) 2 - bi(M) + 2. 
One has a natural C*-action on H(S)* , and the projection 

will be Fredholm of real index 2ci(S) 2 — b\(M). It suffices to apply Lemma 15.81 
in the Appendix. ■ 

The same arguments can be used to prove regularity at a locus of twisted 
reductions (see sections 11.41 13.2|) . However, there is an important detail here 
which should be taken into account carefully: in general, for an epimorphism 
7r(M) -> Z 2 , the condition b+(M) = does not imply 6+(M p ) = 0. When 
b+(M p ) = 0, one has h 2 = 0, hi = b\{M) — 1 (see section [3~2l) . and one 
can obtain generic regularity at the p-twisted reduction in the same way as 
for non- twisted reductions, by extending our proofs to the twisted case. The 
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main difference is that the "normal" elliptic complex" C^ L ,^ V t has no complex 
structure. 

In the twisted case, one has a Hermitian line bundle S on M p which comes 
with an isomorphism i*(S) ~ S; and for any metric g on M the 7r p (^-harmonic 
representative of c\(S) = I — is p-equi variant, so the condition H(5) has 
sense for g. Put A := {I, and denote by -Me££ ad (A) the space of C-metrics 

for which there exists a non-regular p- twisted reducible instanton of type A. The 
result for the twisted case is 

Proposition 3.8 Suppose that b+(M) = b+(M p ) = and let I G H 2 (M p ,Z) a 
solution of the system ^ with (I — i*(7)) 2 < 0. Put A := {/, and let U C 

Met r an open set of metrics having the property H(S). Then -A4et£ a( j(A) fl U 
is closed and the natural morphism 

^{U\Metl &A (\))^^{U) 

is bijective for any i intherangeO <i< — (l~L*(l)) 2 + bi(M) — 2, and surjective 
/or * = -(/- t*(0) 2 +b x {M)-l. 

Remark 3.9 Note that —{I — i*{l)) 2 = 2[4c2(-E) — c\(E) 2 ], hence under our 
assumptions one has —(I — I* (I)) 2 > 2. 

Corollary 3.10 Let M be a ^-manifold E a Hermitian rank 2 bundle on M . 

1. Suppose that 

b+(M) = and a(E) £ 2H 2 (M, Z) + Tors . (16) 

There exists a connected, dense, open subset Met good (E) C Met r such 
that, for any g € • / ^ e ^g 00 d(^)' ^ e reductions in the Uhlenbeck compacti- 
fication of the moduli space A4^ S J 3 (E) of g-instantons are all regular. 

2. Suppose that \16\) holds and for every epimorphism p : tt\(M, Xq) — » Z2 

b + {M p ) = and n*(ci(E)) £ 2H 2 {M p , Z) + Tors . (17) 

There exists a connected, dense, open subset Aiei^ d (E) C Met 1 " such that, 
for any g G ■Met^ good (E) , the reductions and the twisted reductions in the Uh- 
lenbeck compactification of the moduli space ./Vf^| D (iS) of g-instantons are all 
regular. 

Proof: 1. Denote by A(c) the finite set of unordered pairs A = {l,d — 1} 
satisfying I ■ (d — I) < c. For c = 02(E), this set is the set of all topological 
decompositions of all bundles E' which must be considered in the construction 
of the Uhlenbeck compactification of A4^ SD (E). Put 

|J Me*U(A) 

AeA(c) 



Met r good (E) := Metl dm (c) \ 
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(see section 15.21 in the Appendix) . 

2. One defines M.et^ A {E) in a similar way by replacing Met^ dm (c) with 
A / letj adm (c) and subtracting the bad loci associated with all twisted and non- 
twisted reductions of bundles E' with det(S') = det(-B), c 2 (£") < c 2 (E). 



Remark 3.11 Suppose that b+(M) = 0, b 2 (M) > 0, and b + (M p ) = for any 
epimorphism p : tti(M,xq) — ► Z 2 . Let d be an integral lift of w 2 (M). Then 
d <£ 2H 2 (M,Z) + Tors and ir*(d) 2H 2 {M p ,Z) + Tom(H 2 (M p ,Z)) for every 
epimorphism p, so Corollary 1 3. 1 (A 2. applies for any bundle E with c\(E) = d. 

Proof: By Donaldson first theorem, the intersection form on H 2 (MZ) /Tors is 
trivial over Z. Choosing an orthonormal basis (et)i<i<6 2 (M) m this lattice, one 
obtains d- e$ = ef = — 1 mod 2, so d cannot be divisible by 2 in H 2 (M, Z)/Tors. 

On the other hand, the class 7r*(d) is an integral lift of tt*(w2(M)) — w 2 (M p ). 
Since b+(M p ) = b + (M) = 0, one gets easily (comparing the signatures and the 
Euler characteristics of the two manifolds) that bi(M p ) = 2b\(M) — 1 and 
b 2 (M p ) — 2b 2 (M) > 0. Therefore the same argument applies for M p , proving 
that Tr*(d) cannot be divisible by 2 in H 2 (M p , Z) /Tors. ■ 

Remark 3.12 Similar generic regularity results can be obtained using abstract 
perturbations of the ASD-equations around the reduction loci (see JUWj p. 156). 
However, since in our general framework the reductions are not necessarily iso- 
lated points in the moduli space, this method is more complicated than in the 
classical case. Moreover, for our purposes (see section^) one must check that 
the perturbed moduli space still has a natural compactification, and that the 
"cobordism type" of this compactification is well defined. 

Remark 3.13 Combing Corollarv \3. 10\ with the classical transversality theorem 
for irreducible instantons \FU}/ . \DK}/ . one shows that the subset M.et r WEOod {E) C 
-Met^ good (E) of metrics for which Ai^J^ (E) contains only regular solutions is 
dense of the second Baire category. This set is also open (but in general non- 
connected!) when A(E) := 4c 2 (£) - c^E) 2 < 3. 

Proof: The condition A(E) < 3 implies that the projection SB (E) — > Met r 
of the parameterized instanton moduli space on the space of metrics is proper. 
The openness of Met^ d (E) in Met^ d (E) follows by elliptic semicontinuity. 
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4 Applications 



4.1 Geometric properties of instanton moduli spaces on 
manifolds with b + = 

We will see that using our regularity results combined with the topological 
results obtained in sections l2.1H2.2l one can obtain important information about 
the geometry of the ASD moduli spaces. 

The purpose of this section is not to give an exhaustive list of all possible 
applications of this type, but only the illustrate the method with an explicit ex- 
ample, which came to my attention when I began to work on the classification 
of class VII surfaces with 62 = 2 Tc3 . 

Let M be a 4-manifold with the topological properties considered in the 
examples studied in section E21 ffi(M,Z) ~ Z, b 2 (M) = b-(M) = 2. Consider 
again a rank 2-Hcrmitian bundle E on M with c\(E) = d = e\ + e 2 (where 
(ei,e2) is an orthonormal basis of H 2 (M,Z) ~ Z® 2 ) and 02(E) = 0. Put as in 
section [2~!2l An := {0, d}, Ai := {ei,e 2 } and note that A E = {A , Ai}. Let L t a 
Hermitian line bundle of Chern class dj and Si = Lf 2 <g) D v . 

The expected dimension of the instanton moduli space Ai^ SB (E) is 4 and, 
since A(E) :— Ac2{E) — c\(E) 2 < 4, this moduli space space is compact. 
Ma SD (E) contains two circles of reductions M.^°{E) and M^ L 1 (E). An in- 
teresting application of our results is the following: 

Theorem 4.1 For every Riemannian metric g on M and abelian connection 
a G A(det(E)), the two circles of reductions M.^°(E), M^^E) belong to the 
same connected component of the moduli space M^ S ^(E). 

Proof: For a metric g € -Met r wgood (E) the moduli space M^ SB (E) contains 
only regular solutions. Regularity at the reductions implies that the linear 
spaces 

Hi := |J H 1 (C+ 2 ^ aV (5 l )) - T a (L) ~ M^(E) 

[b]eT a (L) 

are rank 2 complex vector bundle of rank 2 (see section l3~Tj) . M.^(E) has a 
neighborhood Vi which can be identified with the ^-quotient of an ^-invariant 
neighborhood of the zero section of 7i}. Let a a generator of Hi(M,Z). By 
Corollary 12.61 we see that the restriction of the Donaldson class /x(tr) to the 
boundary d(v{) coincides (up to sign) with the fundamental class of this 3- 
manifold. Therefore d(vi) cannot be homologically trivial in B* a (E). This shows 
that the two boundaries (hence also the corresponding circles) belong to the 
same connected component. 

To complete the proof for an arbitrary metric g, use the density of the 
space M.et r wgood (E) and note that if the reduction circles M^^E) belonged 
to different connected components, the same would happen for any metric g' 
sufficiently close to g. ■ 
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Example: Consider the 4-manifold M = (S 1 x 5 3 )#P 2 #P 2 . This manifold 
has the differentiable type of a Hopf surface blown up at two points. It is 
convenient to endow M with the complex structure of a minimal class VII 
surface with &2 = 2. Choosing the Gauduchon metric in a convenient way 
and using the Kobayashi-Hitchin correspondence to identify instantons with 
polystable bundles, one obtains (see |Te3j ): 

Mf D (E) ~ S 4 , 

so (despite the presence of the reductions) the moduli space gets an obvious 
smooth structure on the moduli space. The two reduction circles M/^{E) are 
smoothly embedded in the sphere. 

4.2 New Donaldson invariants 

In this section we introduce a new class of Donaldson type invariants, which are 
defined for definite 4-manifolds. 

4.2.1 Low energy Donaldson invariants. Casson type invariants. 

Let M be a negative definite 4-manifold, and let (e±, . . . , eb 2 (M)) be an orthonor- 
mal basis in H 2 (M, Z)/Tors. Let d £ H 2 (M, Z) be a lift of e x +, . . . , +e fc2 ( M) 
and denote by d its image in H 2 (X, Z2). Note that one must have d — lOa(M), 
when H 2 (M, Z) is torsion free. 

Let £ be a Hermitian 2-bundle on M with C\(E) = d and put as usual 
D := det(-E). If {l,d— 1} is a topological decomposition of E, then, writing 
I = ")2 U&i) with U £ Z, one gets 

c 2 (E) = J2 l i(k-l) >0 . 

Therefore, for 02(E) < 0, the bundle E admits no topological decomposition. 
On the other hand the expected dimension of the Donaldson moduli space 
M* SU (E) is 

5 = 2(Ac 2 (E) + b 2 (M)) + 3(h(M) - 1) . 

If c 2 (E) is chosen such that A(E) = Ac 2 (E) + b 2 (M) G {0, 1, 2, 3} the corre- 
sponding moduli space will be a priori compact (i.e. compact independently of 
the metric). When b 2 (M) > 4, the corresponding values of 02(E) are negative. 
When b\(M) > 1 the corresponding expected dimension will be non-negative. 
Therefore: 

Remark 4.2 Suppose that b\(M) > 1 and b%(M) > 4, and choose 02(E) :— 
— b2 . T/ie corresponding moduli space will be a priori compact, of non- 
negative expected dimension 2A(E) + 3(6i — 1) and will contain no reduction. 

In other words, for this special value of 02(E), one can define very easily 
Donaldson type invariants by estimating products of classes of the form ^(h) on 
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the virtual fundamental class of the moduli space [Br] . In this case, one does not 
really need regular moduli spaces, because the formalism of virtual fundamental 
classes gives directly a well defined homology class in the space B*(E). 

A very interesting case is when 62 (M) > 4 is divisible by 4. In this case 
this special value of 02(E) is —hLMl anc j th e corresponding discriminant A(E) 
vanishes. Therefore, in this case A4 ASI) (E) coincides with the moduli space of 
PU (2) -representations of iri(M, xq) with fixed Stief el- Whitney class d, modulo 
SU (2) -conjugation. The invariants associated with such a moduli space should 
be called four-dimensional Casson type invariants. They should be regarded as 
an extension of the similar S'?7(2)-invariant defined for Z[Z]-homology S 1 x S 3 - 
manifolds (see |RuSj . |FuO| ) to our new class of homology types. Note that, 
because of the absence of reductions in our moduli space, the definition of the 
invariant in our case is much easier. These representation spaces can be of 
course oversized, so it is not clear at all that the corresponding invariants are 
of homotopical nature. 

Note the following simple, but interesting vanishing result, which shows that, 
if non-trivial, this Casson type invariants can be regarded as obstructions to the 
representability of the basis elements e-i by embedded 2-spheres. 

Remark 4.3 Suppose that 02(M) is divisible by 4 and one of the basis elements 
ei is represented by an embedded sphere. Then the moduli space associated with 
the Chern class 02(E) — —tziMl j s empty. In particular, the corresponding 
Casson type invariants vanish. 

If Z is a an embedded surface representing e^, one has (d, [Z]) = (d, [Z]) mod 
2=1. Let p : tti(M,xo) — > PU(2) a representation of Stiefel- Whitney class d. 
The composition tt 1 (S,x ) — > ttx(M,Xq) — > PU(2) will be a representation with 
Stiefel- Whitney class d\ s ^ 0, so S cannot be simply connected. ■ 

Interestingly, one has: 

Remark 4.4 There exist definite negative ^-manifolds, with the property that 
no element e G H 2 (M, Z) /Tors with e 2 = — 1 can be represented by an embedded 
sphere. 

Indeed, it suffices to consider a fake projective plane (see for instance |PY| ) 
with reversed orientation. Since the universal cover of such a 4-manifold is the 
complex 2-ball, we see that the generator of its homology cannot be represented 
by an immersed sphere. 

Consider now the case 

, -1 • 

In this range, one loses "a priori compactness" , but has moduli spaces with no 
reductions in their Uhlenbeck compactifications. In this range, one uses Don- 
aldson's method [DKj to define the invariants geometrically: one uses metrics 



c 2 (E) G 



- 


b 2 (M) 
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for which all strata are regular, constructs distinguished cycles representing the 
/i-classes (and which extends to the Uhlenbeck compactification) and defines the 
invariants by intersecting the moduli space with systems of such cycles (which 
can be chosen so that they intersect transversally in the main stratum). 

4.2.2 Invariants associated with classes in H* (B* ,V*). Invariants de- 
fined using the cobordism type of the moduli space 

We illustrate these types of invariants in the concrete situation considered in 
sections [2 . 21 and I4TT1 a negative definite 4-manifold with H\ (M, 1) ~ Z, 62 (M) = 
b-(M) = 2 endowed with a rank 2-Hermitian bundle E on M with Ci(E) = 
d = e\ + 62 (where (ei,e2) is an orthonormal basis of H 2 (M,Z) ~ Z® 2 ) and 
c 2 (E)=0. 

The moduli space is a priory compact, but it always contains two circle of 
reductions. We have two ways to define invariants in this situation: 

1. Use a generic metric in the sense of [DKj . for which the irreducible part 
of the moduli space is regular. Regard the (oriented) moduli space M^ SB (E)* 
of irreducible instantons as a cycle in the relative homology H^B* ,V*). On the 
other hand, we have seen in section 12.21 that the relative rational cohomology 
H A (B*, V*) ~ Q 4 and that this group fits in a short exact sequence 

0^ g 3 (Vo)eg3 ( vn >HHB%vn ^ 

((5L {<7o)h Uo , S Ll {a )h Ul )) 

— > (M(*) + M(/i) 2 , M« + M/2) 2 , M(Ao)M(a )) Q -> . (18) 

Evaluating classes in H (B*, V*) on the relative homology class defined by 
A4^ SB (E)* one gets well-defined invariants. Note however that, since the exact 
sequence (1181) docs not split canonically, one cannot parameterize this set of 
invariants in an obvious way. 

2. For a metric g S -Mei^ d (i?) all solutions (including the reductions) in 
the moduli space are regular (see Remark l3.13p . The main observation here is 
that each reduction circle Ai^(E) has a neighborhood isomorphic to the S 1 - 
quotients of a neighborhood of the zero section in a rank 2 complex bundle Tij 
over M^iE) (see section |4~T|) . But such a quotient is a locally trivial if-bundle 
over a circle, where K is the cone over P 1 ~ S 2 , so it has a natural manifold 
structure. Therefore, for g £ A^et^ good (i?), M^ SB (E) is a compact 4-manifold, 
which can be oriented as in classical Donaldson theory (see |DK| p. 283). 

The signature of this 4-manifold will be an invariant 6(M) of the base 4- 
manifold (endowed with the usual orientation data) . Indeed, the main point here 
is that the set Met 1 ^ d (E) is connected. For two choices go, gi € -Me^wgood^)' 
consider a path 7 : [0, 1] — > -Met^ sood (E) connecting these metrics. A generic 
deformation (with fixed ends) of 7 will define a cobordism between the moduli 
spaces associated with gi. Note that the cobordism constructed in this way is 
always trivial around the reductions. 
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Remark 4.5 In the example given in section \4-l\ one has Al^ SD (i?) ~ S A , so 
the 9 -invariant vanishes. Using gluing theory for instantons, one can prove more 
generally that this invariant also vanish for a manifold of the form M = A^P 2 , 
where N is a ^-manifold with Hi(N, Z) ~ Z and 62 (A) = b^iN) = 1. 

This suggests that, if non-trivial, this invariant can also be regarded as an 
obstruction to the representability of the elements of the orthonormal basis 
{ei, 62} by embedded spheres. 



5 Appendix 

5.1 Metric-dependent spaces of selfdual and anti-selfdual 
forms 

Let M a compact oriented connected 4-manifold and E a vector bundle. For 
every Riemannian metric g on M one has two associated spaces of -E-valued 
(anti)selfdual forms A± (E). It is convenient to complete the space Met of 
metrics with respect to the C r topology and the spaces A^. g (E) with respect to 
a Sobolev norm I? k (where r k). In this way one gets Banach vector bundles 
[-4± (-E)]/c on the Banach manifold M.et r of C-metrics. 

One can trivialize globally these bundles in the following way. Fix a C- 
metric go. The space Met r can be identified with the space of positive go- 
symmetric automorphisms of the tangent bundle Tm via the diffeomorphism 
h 1 > gh := h*(go). We get homeomorphisms 

r(Sym+(r M , 5 o)) r x [AljE)} k ^[A 2 ± (E)] k 

given by (h, n) 1— > (g^, h* (77)). It is important to notice that homeomorphisms as- 
sociated with different metrics go are pairwise differentiable compatible. There- 
fore one can use these homeomorphisms to define structures of Banach manifolds 
on the total spaces [.Aj- 

A positive symmetric automorphism h 6 r(Sym + (TM, <7o)) r defines a class 
C r positive ^o-symmetric automorphism A 2 h of the bundle A 2 ^, given by A n 
X*(A). Using the go-orthogonal decomposition K 2 M = A 2 ^ © ^-g ' ^ ne au ^°" 
morphism A 2 h can be written as 

A 2 h = ( (J>+{h) li±(h) 

where fi±(h) is a symmetric endomorphisms of A± and jU.jp (/i) : A 2 ^ — > ^± go 
have the property /i~t(h)* = fi^_(h). The tangent space of r(Sym + (Tn/, <?o)) r at 
id can be identified with A (Sym(Tj\/, <?o)) r - For a symmetric endomorphism \ 
we put 



m|(x) := - 

One also has m_(x)* = toT(x)- 



dm%{h) 



(x) 

id 
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Remark 5.1 The map \ rri^{x) defines an isomorphism 

A°(Sym (T M ,g Q )y ~ A°(Hom(A|, A 2 ± )f , 

w/iere Sym (TM, 50) denotes the bundle of trace free g -symmetric endomor- 
phisms ofTu- 

The space A (Sym (Tm, <?o)) r can be regarded as the space of infinitesimal 
variations of C r -mctrics, whereas A (Sym Q (TM , <7o)) r is the space of infinitesimal 
variations of C r -conformal structures. 



5.2 Admissible metrics 

Consider an oriented compact connected manifold M and a cohomology class 
I € H^ R (M), where 1 < p < n — 1. For a Ricmannian metric g on M we will 
denote by l g the unique g-harmonic representative of I. 
Let M a 4-manifold. The family of vector spaces 

defines a bundle fi* on the product space Met r x M. Suppose now that 
b+(M) = 0. In this case any harmonic 2-form is ASD. For a de Rham 2- 
cohomology class I, the assignment A4et r x M 3 (g, x) i— > Z s (x) defines a uni- 
versal C r ' e section A in the the bundle f2~ over A4et r x M. 

Lemma 5.2 Suppose thatb + (M) = and Z e iJg R (M,R)\{0}. The associated 
universal section A is submersive at every vanishing point. 

Proof: Let (go,xo) be a a vanishing point of A. We use the metric g n to 
simultaneously parameterize the space of metrics (using positive go-symmetric 
endomorphisms) and to trivialize the bundles . In this way our section gives 
rise to a map 

r(Sym+(T M ,5o)) r x M 3 (h,x) h-» u h (x) e A* >it . 

where w h := [ti(h)- 1 ]* (l gh ) G A?. (M). Put lo q := Lo id = l go . Writing l 9h = 
u a + dcth (with a/j-L^Z 1 ), one gets for the derivative d(x) := I (x) the 

lid 

equation 

p+ [-m(x)*(w )+da(x)] = , 

which gives the solution 

d(x) = G+Mx)iM) , 

where G + is the [Z 1 ]- 1 -valued inverse of the operators d + . Therefore 

(X) = dG+(mi(x)M)-m(x)M = d~ G+ {m+_ ( X )M) - ml( X )M . 



id 
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Therefore 

duj h (x) 



dh 



{ X ) = d-G+(m±(x)(u ))(x ) , 

(id,x ) 



because oj (x ) = 0. Suppose now that v € [A~ ] is orthogonal on the range of 
this partial derivative. The vector v defines a Dirac type A~-valued distribution 
v xo . Since any element of m e A°(Hom(A?_, A+)) has the form m^(x), we obtain 
that for any such m 

= (v,d-G + (m(w Q ))(x )) = (v Xo ,d-G+(m(Lo ))) = 

= ((d-r(v Xo ),G + (m(u ))) (19) 

The assignment ip A ((d~)*(v xo ), G + (iJj)) is a A^-valued distribution, and 
the identity (|19p implies that this distribution vanishes on M \ Z(uj ). This 
distribution has the following important properties: 

1. One has (d+)*(5) = (d~)*(v xo ). 

2. 6 is supported in xq. 

1. Indeed, to prove the first claim, consider a A 1 -valued test function a, and 
compute 

((d+y(5),a) = (6,d+a) = ((dry(v Xo ), G+d+a) = ((*-)>*„), pr^x (a)) 

= («x ,ci"(pr z ix(a))) = ((d")*^),^"^ = ((d~)*(v Xo ),a) . 

2. Using the fact that (d + )* is overdetermined elliptic on Aa_(M), it follows from 
the first statement hat v Xo \m\{x } ^ s sm0 °th. On the other hand 5 vanishes on 
the dense open set M\Z(u>o). Therefore 5 must vanish everywhere on M\{xo}. 

Since 5 is SD and v Xo is ASD, the first property implies d(S + v Xo ) = 0. The 
statement follows now from the following Lemma. ■ 

Lemma 5.3 Let u be a A 2 -valued distribution on ]R 4 which is supported at the 
origin and is closed. If u~ has order 0, then u = 0. 

Proof: If du — and u~ has order 0, then u + must also have order 0, because, if 
not, taking the sum of all terms of highest order k > 1 in the decomposition 
of u + as sum of partial derivatives of Dirac type distributions, one would have 
dut = 0. Therefore would be singular harmonic self-dual form, which is 
impossible. 

Therefore, u is an order zero Dirac type distribution; in other words, there 
exists 9o £ [Ag] such that (it, (p) = 9o((p(0)) for any test 2-form cp. Writing 
#0 = Ei<j a u e ' A e J , we get 

i<j<k J 

and the relation du — implies obviously a%j = for all i < j. ■ 



Definition 5.4 Let M be a 4-manifold with b+(M) = and I e H^ R (M)\{0}. 
A metric g G M.et r will be called 

1. strictly I -admissible, if it is submersive (transversal to the zero section) at 
any vanishing point. 

2. l-admissible, if the intrinsic derivative of the section l g <G T(A^_ ) at any 
vanishing point has rank at least 2. 

Denote by A4et^(l) and Met r >2 {l) the space of (strictly) admissible C r - 
metrics. 

Proposition 5.5 1. Suppose that the regularity class r is sufficiently large. 
The space Met^ ofl-strictly admissible metrics is open and dense in A4et r . 

2. The space Met 7 >2 of l-admissible metrics is open, dense and path connected 
in Met r . 

Proof: The openness of the two sets is obvious taking into account the com- 
pactness of the manifold, the continuity of the map g i— » l g with respect to 
the C 1 topology on the space of sections, and the fact that, in general, for any 
bundle E and fixed base point x, the condition 

s(x) = , rk(D x (s)) < k 

is closed with respect to the C 1 -topology on the space of sections in E. 

To prove the density of the set of admissible metrics, note that the vanishing 
locus Z(X) of the universal section A is a smooth codimension 3-submanifold of 
A4et r x M, and the natural map q : Z(X) — > A4et r is Frcdholm of index 1. 
Met^(l) is just the set of regular values of q. 

Therefore the larger set Met 1 >2 {l) will also be dense. In order to prove the 
fact that this set is also path connected, consider - for two given metrics go, 
gi G .Mei> 2 (7) - a differentiable path 7 : [0, 1] — ► Met r joining them. 

Consider that map 

G : T(SL(T X )Y x [0, 1] — ► Met r 

defined by G(h, t) = ft* (7(4)). Since the partial derivative ^ alone is surjective 
at any point, we conclude that the map G is transversal to q, so the fibred 
product P := {(h,t, z)\G{h, t) = q(z)} is a smooth submanifold of T(SL(Tx)) r x 
[0, 1] x Z. The natural map P — > T(SL(Tx)) r is proper and Fredholm of index 
2. By Sard-Smale theorem, in any neighborhood of id one can find a regular 
value fto of this map. Therefore, for such ft 

Po :={(t,z)\ G(h ,t,z) = q(z)} 

is a smooth 2-dimcnsional submanifold of [0, 1] x Z. Put g' t := G(ho, t). The fibre 
over t € [0, 1] is contained in {t} x {g' t } x M and is identified with the vanishing 
locus Z(l g i ) of the section l g > under the projection on the third factor. 
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We claim that the path G(ho, •) takes values in A4et> 2 {l)- Indeed, the Zariski 
tangent space of Z(l g r) at a point x is just the intersection of the tangent space 
of Po at (t, g' t , x) with the tangent space of the fibre {t} x {g' t } x M C Po over 
t. But the tangent space of Po at any point is 2-dimensional, so the Zariski 
tangent space of Z(l g >) at x has dimension 1 or 2. 

In order to complete the proof, is suffices to join go to g' and g\ to g[ with 
paths in .Met> 2 (0- By the openness property of this space, it follows easily that 
( if ho is sufficiently close to id) the metrics G(id+s(/i — id, 0), G(id+s(h — id, 0), 
s G [0, 1] remain in M.et> 2 (l) for every s£ [0,1]. ■ 

Note that we see no reason why the space M.et^{l) should be connected. 
Indeed, suppose that for two metrics go, gi € Met^(l), the corresponding van- 
ishing loci (which are finite unions of pairwise disjoint embedded circles) have 
different number of connected components. Then there is certainly no way to 
join the two metrics by a path in M.et^(l) 

Remark 5.6 If g 6 Met r >2 {l), then any point x £ Z{l g ) has a neighborhood 
U x C M such that Z(l g ) O U is contained in a closed submanifold N x of U x 
of dimension 1 or 2. In particular the vanishing locus Z(l g ) of the g-harmonic 
ASD form l g has Hausdorff dimension < 2. 

t 

Proof: Indeed, consider a smooth map W l D V — > M. m whose rank at S V is 
k and let E := im(do(/)). Then the composition pe o / is a submersion at 0, so 
its restriction on a sufficiently small neighborhood U of will be a submersion. 
Note that Z(f) C Z(p E ° /) and that Z(p E o/)nU= Z((p E ° f)\ v ) is a 
codimension k submanifold of U. ■ 

The results above can be extended for twisted de Rham cohomology classes: 
Let p : 7Ti(M) — > Z 2 an epimorphism, and suppose that b+{M p ) = where 
7T p : M p — » M is the corresponding double cover of M. Let Z S i?Q R (Mp) \ {0} 
be a de Rham cohomology class with the property that (-*(/) = —I, where l 
stands for the tautological involution of M p . Then, for every metric j on M, 
the 7r* (<?)-harmonic representative l g of I is an ASD form on M p satisfying the 
identity i*(l g ) = —l g . In other words, l g is a p-twisted ASD form on M. At 
any point x S M, l g is defined up to sign. Therefore, the vanishing locus 
Z(l g ) C M and the rank of the intrinsic derivative at a vanishing point are well- 
defined objects. In particular one can associate to I the sets of metrics A4et^(l), 
.Mei> 2 (Z) as in the non-twisted case, and these sets also have the properties 
stated in Proposition 15.51 

Proposition 5.7 Let M be a I^-manifold and d £ H 2 (M,Z) 
1. Suppose that 

b+(M) = andd<£ 2H 2 (M, Z) + Tors . (20) 
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Then, for every c £ -ff 4 (M, Z) the set 

Met r adm (c) := P| Mef> 2 (2l-d) 

l-(d-l)<c 

is open, dense and connected in M.et r . 
2. Suppose that A20\) holds and, for every epimorphism p : m(M, Xq) — » Z2 
6+(M p ) = and ir*(d) £ 2H 2 {M p , Z) + Tors . (21) 

There the set 



P| A4e& a (J-i*(i)) 

7Ti(Af,K )^Z2, IEH 2 (M P X) 

l+l*(l)=TV*(d), l-L'{l)<lt p *{c) 

is open, dense and connected in Met r . 

Proof: The important point here is that, since the intersection forms of M is 
negative definite, the set of terms in the first intersection is finite. For the second 
intersection note first that p varies in a finite set (isomorphic to the set of index 
2 subgroups of Hi{M, Z)) and, under our assumption, for any fixed p, there are 
only finitely many possibilities for I. To complete the proofs it suffices to note 
that the two properties in Proposition 15.51 have been obtained by applying the 
Sard-Smale theorem to certain proper Fredholm maps, and using the fact that 
the set of regular values of such a map is open and dense. A finite intersection 
of such sets will also be open and dense. ■ 



5.3 Analytic results 

We begin with the following easy result concerning the range of a proper Fred- 
holm map / : V — > W of negative index j. One expects this range to be a 
subset of "codimension" at least — j, so the inclusion W \ fm(/) — > W should 
induce isomorphism between homotopy groups of degree i < —j — 2. While 
the statement about the codimension is difficult to formalize in the infinite di- 
mensional framework (and is not necessary for our purposes), the isomorphism 
of homotopy groups of small degree is a simple consequence of the Sard-Smale 
theorem. 

Lemma 5.8 Let V , W be separable Banach manifolds and f : V — > W a proper, 
real analytic, Fredholm map of negative index j < —2. Then 

1. The range f(V) of f is closed and nowhere dense, 



41 



2. The natural map iTi(W \ f(V)) — » ni(W) is an isomorphism for < i < 
—j — 2 and is surjective for i = — j — 1 . 

Proof: Use the Sard-Smale theorem and standard transversality arguments 
(see |DK] ) to approximate maps S l — ► W and homotopies between such maps 
by maps (respectively homotopies) with values in W \ f(V). It suffices to note 
that, in general, for i < — a map (j) : N — > W from a ^-dimensional manifold 
N is transversal to / if and only if 0(JV) n /(V) = 0. ■ 

The following proposition plays an important role in the proof of our regu- 
larity results. This will allow us to refine the Freed-Uhlenbeck theorems |FU) 
and to estimate the codimension of the spaces of bad metrics. 

Proposition 5.9 Let M be an n-dimensional compact manifold, E a real rang 
r vector bundle and V a linear connection on E. Let U C M be an open set 
whose complement £ has Hausdorff dimension d < n — 2. Let a £ A 1 (E) 
and tp £ T(U,E) such that Wip — a\ v - Then ip extends smoothly to a section 
ijj 6 r(M, E) satisfying VV> = ct- 

The idea of the proof is to use the (classical) methods of characteristics to solve 
the first order equation V/ = a: we integrate the family of ordinary equations 
obtained by restricting our equation to an (n — l)-dimensional family of em- 
bedded paths which define a local foliation. We choose the paths such that all 
starting points belong to U, and we use the values of cp at these points as initial 
conditions. The condition on the Hausdorff dimension of £ implies that a dense 
family of paths do not meet the set £ (where ip is not defined), so on these 
paths the sections / and ip coincide. In this way one checks that the section / 
obtained by the method of characteristics agrees with ip on the intersections of 
their domains, providing a proper extension of <p. 

Proof: For every smooth path 7 : (—1, 1) — » M , consider the connection 7*(V) 
on the bundle 7* (25) on (—1,1) and the afhne ordinary differential equation 

7*(V).g = 7» (22) 

for sections g in the bundle 7* (25). Using the general theory of ordinary differ- 
ential equations, one gets, for every e € 2? 7 (o) , a unique solution 

ff7 , e er((-i,i),7*(2J)) 

of the equation (|2"2"]) satisfying the initial condition <? 7)e (0) = e. This solution 
depends differentiably on the pair (7, e), where e € 2? 7 (o)- Our hypothesis 
Vc/? = a\jj implies ip o j — 5 7i¥ ,( 7 (o)) for every smooth path 7 : (—1, 1) — > U. 

Let ip £ T(V, E) be a maximal element of the ordered set of extensions of <p 
defined on open subsets of M. The existence of such a maximal element follows 
by the Zorn lemma. Since U is dense in M (so also in V) one has 

VTjj = a W (23) 
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which implies 

i> 7 = 07,-0(7(0)) (24) 
for every smooth path 7 : (—1, 1) — > V. The complement £' = M \ V will also 
have Hausdorff dimension < n — 2. 

We claim that V = M. Suppose not, and let xq G M \ V. Let 

ft : B n (0, 1) x (-1, 1) W C M 

a local parametrization of M with the properties 

1. fc(fl B (0,l)x{0})cV, «(0,|) = so, 

2. ft is the restriction of a local parametrization 

ft : S"" 1 ^, 1 + e) X (-1 - s, 1 + e) — ► M . 

The second property implies that ft and ft -1 are Lipschitz with respect to any 
Riemannian metric on M, The idea is to extend ip on VU using the solutions 
9h x Mx,Q)i x S -B™^ 1 , where fta; denotes the path 1 1— > h{x,t). 
So put 

We claim that ^l^py = ^Iv^nv which will complete the proof, because this 
would yield a proper extension of tp, contradicting its maximality. 
Our claim is equivalent to 

f\h~\v) =^ oh \h-\v) ■ 
The two functions coincide on [-8(0, 1) \ pr 1 (ft _1 (S'))] x (—1,1), because, for 
any x G [-B(0, 1) \ pr 1 (ft _1 (E'))] the corresponding path h x is entirely contained 
in V so, for such x, both sections 

1 1 ^ f(x,t) , t h-> %l)(u(x,t)) 

coincide with ,9/ lx! ^( 2; .o) 5 by (|24p and the definition of /. It suffices to notice that, 
by our hypothesis, the set ft _1 (S') is of Hausdorff dimension at most n — 2, so its 
projection on the (n— 1) dimensional ball B(0, 1) is also of Hausdorff dimension 
at most n — 2. Therefore, this projection cannot contain any non-empty open 
set, so its complement in B(0, 1) is dense, so [B(0, 1) \ pr 1 (ft~ 1 (E'))] x (—1, 1)] 
is dense in B n (0, 1) x (—1, 1), so the two functions coincide everywhere. ■ 

The following corollary shows that the statement of Lemma 4.16 in |FU] is 
true as soon as the vanishing of the ASD curvature has Hausdorff dimension 
< 2. In particular this statement is true for C°°-metrics by the results of [Bj 
and for admissible metrics. 

Corollary 5.10 Let (M,g) be compact oriented Riemannian ^-manifold en- 
dowed with a C r -metric g, and S a Hermitian line bundle on M endowed with 
a non-flat ASD connection a. Suppose that the vanishing of the curvature has 
Hausdorff dimension < 2. Let f3 G A 1 ^) such that 
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1. d* a [3 = 0, d+f3 = 0, 



2. The anti-selfdual S-valued form d a (3 is a tensor multiple of F a at any 
point x G M for which F ax ^ 0. 

Then [3 = 0. 

Proof: Let U be the complement of the vanishing locus S of F a . By assumption 
we can write d a (3\ u — F a ® for a section ( £ T(U, S). We get 

[Fa\u] A {p\ v - d a () = dadaifi^ - d a Q = d^d^ - F a ® C) = , 

hence f3\ u ~ d a ( = 0, since the wedge product with a non-trivial ASD form is 
invertible on 1-forms. By Proposition 15.91 and the assumption on Z(F a ), the 
section £ extends smoothly to a section £ on M satisfying d a ^ = (3. Since 
d* a [3 = 0, we get immediately (3 = 0. ■ 



Proposition 5.11 Let S be a Hermitian line bundle on an oriented Rieman- 
nian 4-manifold (M,g) and a a Hermitian connection on S. Let r\ 6 A^_(S) 
with d a r\ = 0. Suppose that on an open set U C M, the form r\ (regarded as 
section in ® S) has real rank 1. Then F a \jj =0. 

Proof: Supposing that U is simply connected, we can write r\ = cu <g) £, where 
oj £ A^U) is a real selfdual form, and ( £ Till, S). By assumption, both uj and 
( are nowhere vanishing on U. Since d a n = 0, we get 

duj <g) ( + w A d a ( = , 

hence ui A (9 ® ( + d a Q = 0, where 9 is the real form on U defined by dui — lo A 9. 
We get 

d a ( = C, ® C = -d0® C + # A d a ( = ~d9® C - (0 A 0) <g> C = -d0® ( . 

This yields F a = d9, in which the left hand term is purely imaginary and the 
right hand term is real. ■ 
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